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Abstract

This paper is an analysis of a two-sided search model in which agents are vertically
heterogeneous and some agents do not know their own types. Agents who do not know
their own types update their beliefs about their own types through the offers or rejections
that they receive from others. In the belief-updating process, an agent who is unsure of her
own type frequently rejects (accepts) a man whom she accepts (rejects) when she knows
her own type. In this paper, we show that this optimistic (pessimistic) behavior influences
both the agent’s and other agents’ matching behaviors. We show, specifically, that the
optimism of some agents prevents the lowest-type agents from matching. However, the

pessimism of some agents does not affect the matching of the lowest-type agents.
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1 Introduction

The “looking-glass self” has been the dominant concept in sociology and social psychology
for the development of the self. The idea, attributed to Cooley (1902), is that people form
their self-views by observing how others treat them. That is, others are significant as the
“mirrors” that reflect images of the self. Although there is much literature on the “looking-
glass self” in the field of sociology and social psychology, the topic has received little attention
in economics.!

In this paper, we introduce the “looking-glass self” to a two-sided search model and study
the implications of the “looking-glass self” in the search behavior. We construct a model
in which searchers do not know their own types, although they know the types of others.
They then update their beliefs about their own types when they receive offers or rejections
from others. For example, workers in search of an employer are evaluated by employers
on their abilities when they meet. When a worker is young in terms of experience, his or
her self-assessment is based on limited experience. On the other hand, employers may have
considerable experience in evaluating workers. At this time, when a young worker observes
an offer or a rejection from an employer, he or she learns something about his or her own
type. Of course, when an experienced worker searches for a new job that is very similar to
his or her previous job, he or she may have a more accurate self-view of his or her ability
than employers. However, such situations are not considered in this paper. The key feature
of this study is that others have better information about agents’ types than the agents
themselves. Similarly, in the search for a marriage partner, a single agent is evaluated with
regard to his or her marital charms by a member of the opposite sex when they meet. When
an agent is young, his or her self-assessment is based on limited experience, such as academic
achievement and family background. However, because marital charm is composed of various
elements, an individual of the opposite sex may have better assessments of the agents’ charm
than the agents themselves.? Hence, when an agent observes an offer or a rejection from a
member of the opposite sex, he or she infers something about his or her own type. In this
paper, we show that this looking-glass self influences both their own and other agents’ search
behaviors.

We consider the basic framework of Burdett and Coles (1997), which is a two-sided search
model with complete information. Although our model focuses on marriage, one could apply
the ideas and techniques of the present paper to other two-sided search frameworks, such as
the labor market, the housing market, and other markets in which heterogeneous buyers and

sellers search for the right trading partner.? Using the marriage market interpretation, the

'As we discuss below, in economics, Bénabou and Tirole (2003), Ishida (2006), and Swank and Visser
(2006) consider “the looking-glass self” in principal-agent models.

2Marital charm is defined by various elements, including quality, attraction, intelligence, height, age, ed-
ucation, income, position at work, social status, and family background, in much of the literature regarding
marriage.

3In this paper, we assume the non-transferable utility: there is no bargaining for the division of the total
utility. In the labor market, utility is generally transferable. However, for example, when the worker is
enthusiastic about a job because of its location, or the employer is attracted by the worker because of his or
her personality, their utilities can be considered to be not-transferable. Furthermore if the worker offers to
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model is described as follows. Single agents are vertically heterogeneous, i.e., there exists
a ranking of marital charm (types). Single men or women enter the market in order to
look for a marital partner. When a man and a woman meet, an opponent’s type can be
recognized. The agent’s optimal search strategy has the reservation-level property, i.e., he or
she continues searching until he or she meets a member of the opposite sex who is at least
as good as the predetermined threshold, called the “reservation level,” which depends on the
agent’s search cost and the type distribution of agents. If a man and a woman meet and
both agents propose, they marry and leave the market. If at least one of the two decides not
to propose, they separate and continue to search for another partner. Given these settings,
the marriage pattern (i.e., who marries whom) in the market is determined. This marriage
pattern becomes a kind of positive assortative matching.*

Our results are as follows. When an agent (she) is unsure of her own type, she often
rejects (accepts) a man whom she accepts (rejects) when she knows her own type. We call

2

her behavior “optimism (pessimism)” in this study.” The optimism in an agent’s learning
processes generates two (pecuniary) externalities. The first is direct externality: the rejection
from an optimistic woman delays the timing of marriage of the man who is directly rejected
by her when they meet. If there are many optimistic women in the market, the second
externality is generated: the men who are now rejected by the optimistic women accept
another lower type of women who are rejected by these men when all agents know their own
types. We call this change in an agent’s behavior due to the optimism of other agents indirect
externality. Moreover, in a two-sided search framework, the women who are now accepted
by these men also reject the men whom they accept when all agents know their own types.
Then, the indirect externality spreads across the market. As a result, the lowest-type agents
cannot marry.

On the other hand, the pessimism does not generate the indirect externality. This is
because if the indirect externality of pessimism occurs (in other words, if the men who are
now accepted by pessimistic women reject the women whom these men accept when all
agents know their own types), the offers from these men to the pessimistic women inform
these pessimistic women that they are higher-type women than they think. As a result, the
pessimistic women have the incentives to reject these men. Hence, even if there are many
pessimistic women, the men who are now accepted by these women always accept the women
whom they accept when all agents know their own types. Therefore, the pessimism has only
the direct externality: the acceptance by a pessimistic woman makes the future partner better

off because she increases the value of the match to the partner.

work for a reduced wage, this wage might be restricted to be above some lower bound determined outside of
the match, like a legislated minimum wage or an industry-wide union relationship (see Burdett and Wright
(1998)). In this way, when wages and all other terms of the relationship are fixed in advance and there is
nothing for the pair to negotiate after they meet, their utilities can be viewed as not-transferable utility.

1Positive assortative matching is said to hold if the characteristics (types and marital charm) of those
who match are positively correlated. Becker (1973) found strong empirical evidence of a positive correlation
between the characteristics of partners.

®The optimistic (pessimistic) behavior in this paper is generated due to the correct belief-updating process
in the sense that there is no over-optimism, because an agent who is unsure of her own type knows the
ditributions of types in the market and updates her belief by Baye’s rule.
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The result in which the lowest-type agents cannot marry in an optimism case is consistent
with the recent data of educational assortative marriage patterns in the United States and
Japan. In the United States and Japan, the percentage of never-married men or women
is increasing and, in particular, the percentage of never-married men or women with a low
level of education is notably high. According to the US Census Bureau data, in 2006, the
proportion of never-married individuals aged 35-44 was 24% for men with a high school
education or less and 14% for women with a high school education or less. On the other
hand, the proportion of never married individuals aged 35-44 was 14% for men with some
college education or more and 12% for women with some college education or more. In
Japan, the decline in marriage has been most pronounced among less educated men aged
35-39 (Raymo and Iwasawa 2005). Our results suggest that the optimism accelerates the
increase in the proportion of never-married men or women with a low level of education, as
education is one of the elements of charm.

Our model can also explain the fact that the reservation level declines with the duration of
search. The potential sources of declining reservation wages have received much attention in
the labor market (see, Burdett and Vishwanath (1988)). Burdett and Vishwanath show that
when workers learn the unknown wage distribution, the reservation wage of an unemployed
worker declines with his or her unemployment spell. A high offer results in the worker getting
employed. On the other hand, an offer much lower than expected leads the worker to perceive
the jobs available to him or her as jobs offering low wages and then the worker revises his
or her reservation wage downward. Unlike their model, ours is a two-sided search and single
agents know the type distribution but do not know their own types. In the two-sided search
with imperfect self-knowledge, receiving an offer lower than the reservation level is likely to
lead to an increase in the reservation level. The results in this paper show that if a woman
with imperfect self-knowledge starts to search with the strategy of accepting only the highest-
type man, she revises her reservation level downward whenever the woman receives a rejection
that has some information about her own type. On the other hand, a high offer results in the
agent getting married similarly to the finding by Burdett and Vishwanath. However, an offer
lower than the reservation level of a woman with imperfect self-knowledge does not affect
her decision. An offer much lower than the reservation level is proposed by a man whom
the woman with imperfect self-knowledge rejects. Thus, her decision regarding whether to
accept or not another type of man is not affected by that offer. An offer from a man whom
she decides whether to accept or not also does not affect her decision in equilibrium because
the man chooses his strategy so as not to raise her reservation level.

The results in this study also show that, when there are agents with an imperfect self-
knowledge under the cloning assumption and the assumption of non-transferable utility, mul-
tiple equilibria can arise in some parameter ranges. In contrast, when all agents know their
own types under the cloning assumption and the assumption of non-transferable utility, a
unique equilibrium always arises (see Burdett and Coles (1997)). In our multiple equilibrium
case, marriage patterns are determined by all agents’ expectations about the behaviors of

agents with imperfect self-knowledge.
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1.1 Related literature

Early psychologists and sociologists thought that the self was built on reflected assessments—
people form their self-views by observing how others treat them. James (1890), who set the
stage for the idea of “looking-glass self,” argued that the self was a product and reflection
of social life. Cooley (1902) introduced the idea of the “looking-glass self.” He expanded
the idea that the self develops by referencing other people in the social environment. Cooley
maintained that the person observes how others view himself or herself and then incorporates
those views into the self-view. Mead (1934) further developed the idea of Cooley (1902).5
Following this long tradition, most researchers in psychology and sociology accepted that
others are significant as the “mirrors” that construct and modify the self-view (see Tice and
Wallace (2003)).

In economics, recent work has introduced the idea of “looking-glass self” (for example,
Bénabou and Tirole (2003), Ishida (2006), and Swank and Visser (2006)). Bénabou and Tirole
(2003), who present the principal-agent model, assume that, whereas the principal knows the
agent’s type, an agent has imperfect knowledge about his or her own type. Because the
principal prefers to offer the challenging task when facing an agent with high ability, this
offer becomes the signal that the principal trusts the agent. In contrast with these studies,
we apply the idea of the “looking-glass self” to the two-sided search model and not to the
principal-agent model.

In search literature, there are few studies that have given attention to the imperfect
self-knowledge. In Gonzalez and Shi (2010), agents learn their own job-finding abilities by
observing offers or rejections from firms. In the directed search model with two types of
agents, they show that learning from search can induce the desired wages (the wage in the
chosen submarket) and reservation wages to decline with unemployment duration. In par-
ticular, the value function of an unemployed worker strictly increases in the worker’s belief
in their model because a worker’s (or a firm’s) search decision is to choose the submarket
to search. Hence, the reservation wage strictly decreases over search spell as the worker’s
beliefs about his or her own ability become progressively worse. In contrast, our model
is the random two-side search model with three types of agents. An agent with imperfect
self-knowledge decides the reservation utility by considering the composition of each (belief)
type in the market and her future learning process fully. As a result, the value function is
not monotonic with respect to agent’s belief: there is a case in which even if an agent with
imperfect self-knowledge receives an offer that has some information about her own type, her

belief is updated but her reservation level does not increase.”

This paper is organized as follows. Section 2 is a description of the basic framework for

%Tn his view, people are affected not only by how they think significant others respond to them but also by
how they think their entire social group does.

"In other search literature with Bayesian leaning, agents do not know the types of opponents and then they
learn them (for example, Jovanovic (1979), MacDonald (1982), Chade (2006), and Anderson and Smith (2010)).
There is also the search literature with Bayesian learning where agents are assumed to learn the unknown offer
distribution (for example, Rothchild (1974), McLennan (1984), Burdett and Vishwanath (1988), and Adam
(2001)).
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our analysis. In Section 3, first, we derive a perfect sorting equilibrium (PSE) in which only
persons of the same type marry if all agents know their own types as a benchmark case. In
Section 4, we examine the case of a PSE with imperfect self-knowledge. Next, we investigate
the influence of optimistic behavior on a marriage market. Finally, we examine the influence
of pessimistic behavior. In Section 5, we discuss the extensions of the model. Section 6 is the

conclusion.

2 Basic framework

In this section, we present a basic framework for our analysis in this study. Throughout this
section, we restrict our attention to the steady state.

Let us assume that there are a large and equal number of men and women in a marriage
market. Let N denote the participating men or women in this market. An agent in the
market wishes to marry a member of the opposite sex.

Finding a marriage partner always involves a time cost. It is difficult for agents to meet
someone of the opposite sex in the market. Let a denote the rate at which a single individual
contacts a member of the opposite sex, where « is the parameter of the Poisson process.

It is assumed that agents are ex-ante heterogeneous and all agents have the same ranking
about a potential partner in the marriage market. Let z; denote the type (charm) of a k-type
single man or woman in the market; it is assumed to be a real number.

When both sexes meet, each agent can instantly recognize the opponent’s type and then
decide whether or not to propose. We assume that both agents submit their offers or rejections
simultaneously in order to simplify our analysis. If at least one of the two decides not to
propose, they return to the marriage market and search for another partner. If both agents
propose, they marry and leave the marriage market permanently. We assume that, if a couple
marries, he or she obtains a utility flow equal to the spouse’s type per unit of time and vice
versa. That is, utilities are non-transferable: there is no bargaining for the division of the
total marital utility. Let us assume that people live forever and there is no divorce.

Let F; (z), i = m,w denote the stationary distribution of actual types among men (m) or
women (w) in the market. That is, F; (x,t) = F; (z) for all = and all ¢, where ¢ is period. Let
us assume that zy is drawn from F; (x). Let x; and Z; indicate the infimum and supremum of
F;, respectively, where x; > 0. Here, Fy, (z) and F, (z) need not be symmetric among men

and women. All agents know F, () and F,, (x).

3 Perfect self-knowledge—Benchmark result

In this section, first, we derive the conditions under which the economy is at a PSE, in
which only persons of the same type marry, if all agents know their own types (perfect
self-knowledge) as a benchmark. In the later section, we study three cases with imperfect
self-knowledge (i.e., agents do not know their own types perfectly) and compare these three

cases with the benchmark case to show the influence of learning on a market.
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Given (Fy,, F,) and the strategies of single agents, the set of single agents of the opposite
sex who will agree to marry a k-type agent is well defined. Let H,, (.|xx) denote the distrib-
ution of type among men who will agree to marry a k-type woman. Further, the arrival rate
of such proposals faced by a k-type woman, «,, (xx), is also well defined.

Let V,, (z) denote a k-type woman’s expected discounted lifetime utility when single.

Standard dynamic programming arguments imply

Vi (2h) = 15 [aw (zx) dtE [max {f Vi, (:gk)} |xk] (1 — au (a0) dt) Vi (xk)]

where, given that an offer is made, 7 has distribution H,, (Zg|z)). Manipulating and then
letting dt — 0 yields

Vi (k) = o (zk) [E {max {%’@, Vw (a:k)} |:ck] -V (xk)] : (1)

The strategy that maximizes a single agent’s expected discounted lifetime utility takes
the form of a reservation match strategy—a k-type woman will marry a man on contact if
and only if his type is at least as great as Ry, () = Vi (k).

As the situation is the same for men, the expected discounted lifetime utility of a single

k-type man, V,, (), satisfies
Vi (k) = am (zk) [E [max {%’“, Vin (wk)} |xk] — Vi (ack)] . (2)

where 7 has distribution H,, (Zx|rg). From this equation, we can obtain the reservation
match strategy of a k-type man Ry, (zr) = 7V, (xk).

The equilibrium concept for this model with perfect self-knowledge is as follows.

Definition 1 When all agents know their own types, an equilibrium is a Market Equilibrium
with perfect self-knowledge (ME):

(ME-i) all agents mazimize their expected discounted utilities given that they have correct
expectations about the strategies of all others in the market;

(ME-ii) the inflow of each type and the outflow of each type are balanced.

Condition (ME-ii) requires finding a steady state number and distribution of types in the
market so that the corresponding equilibrium strategies defined in condition (ME-i) generate
an exit flow for each type equal to the inflow of that type.

To simplify the analysis, we assume that, if a pair marries and leaves the market, two
identical agents enter the market at once (see, for example, MacNamara and Collins (1990),
Morgan (1994), Burdett and Coles (2001), Bloch and Ryder (2000), Cornelius (2003), and
Chade (2006)).8

8Burdett and Coles (1999) give four typical assumptions of “inflow” in search literature. However, our at-
tention is focused not on the change of the type distribution, which is derived under an assumption of inflow,
but on the change of matching strategies of others when there are agents with imperfect self-knowledge. In
order to illustrate the main findings of this paper, one does not need other assumptions of inflow, such as ex-
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In this paper, let us assume that there are three types of men or women according to
charm: high (H), middle (M), and low (L).” A participant in a marriage market belongs
to one of these types. Let zy/r denote the (discounted) utility of marrying a k-type agent
(k = H,M,L), where r > 0 is the discount rate. We assume that xg > zp > zp > 0.
That is, in any equilibrium, all agents would like to marry an H-type agent. Both sexes are
assumed to obtain zero utility flow while they are single.

Let A (i = m,w, k= H, M, L) denote the share of k-type men (m) or women (w) in the
marriage market, where Ay + \j, + A} = 1. Here, AL of each sex (i = m,w) need not be
symmetric among men and women.

We restrict our attention to the next equilibrium in this paper in order to show the

influences of the learning process on a marriage market.

Definition 2 In the perfect sorting equilibrium (PSE), H-type agents marry within their
group, as do M -type agents and L-type agents.

In the PSE, men and women of the same type marry. Therefore, we can consider that
H-type agents who marry within their group form the first cluster of marriages, M-type
agents who marry within their group form the second cluster of marriages, and L-type agents
who marry within their group form the third cluster of marriages in this equilibrium. We
now define the following situation as a benchmark case: if all agents know their own types,
the ME is the PSE. Proposition 1 shows the sufficient conditions for the PSE when all agents

know their own types.

Proposition 1 (PSE) Let us assume that all agents recognize their own types. The economy
is at the PSE if

M . .
ry < R} (vp) = Z/\ZiHT, t=m,w, ] =w,m (3)
and ,
pY/ . .
xp < R (xp) = Z}yaﬁ, i=m,w, j=w,m. (4)
M

Proof. See Appendix A.2. =

Proposition 1 means that, with constant «, if the share of H-type agents of the opposite
sex j is large enough or if the difference between x g and xjy is large enough (oz)\{q > (:1:1::7]\;1\4))’
an H-type agent turns down an M- and an L-type opposite sex agent in the market. Con-
versely, if there are sufficiently few H-type opposite sex agents or if (g —x ) is small enough
(a)\g{ < (mgfiﬂgm), an H-type agent accepts an M-type opposite sex agent j. A similar dis-
cussion can be held for parameter X}, by inequality (4). If A}, and X}, are small enough

ogenous inflow, which complicates matters without adding intuition. Thus, we apply the “cloning assumption”
to our model for technical simplicity.

9 As we will discuss in detail in Appendix B, we assume not two but three types of agents in order to show
the indirect effect (indirect externality) of the learning process: even if the agents with perfect self-knowledge
do not directly meet agents with imperfect self-knowledge, these agents with perfect self-knowledge may change
their marriage behavior due to the existence of agents with imperfect self-knowledge in the market.
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(j = w,m) to satisfy R} (zg) < xp, and R} (zpr) < xr, all agents i (= m, w) obtain the same
expected discounted lifetime utility: V; (z1) = V; (zp) = Vi (wg) < 210

If r =0, then xpy < R} (xg) and x, < R} (xp) (¢ = m,w) hold. Therefore, the equilib-
rium is the PSE when r = 0.

In the next section, we introduce the imperfect knowledge about agents’ own types into
the benchmark case. To investigate the influence of the learning on a market, in the following
sections, we consider the case in which the conditions in Proposition 1 are satisfied: xj; <
R} (rg) and zp, < Rf (xp) (i =m,w) hold.!!

4 Imperfect self-knowledge

In this section, we introduce the imperfect self-knowledge into the benchmark case. Let us
assume that all agents understand the (actual) type distributions F,,, (z) and F,, (z) and that
all men know their own types. However, no women initially know their own types when
they have just entered the marriage market.'> A woman with imperfect self-knowledge may
learn something about her actual type by observing the offers or rejections by men. Thus,
a woman’s belief about her own type depends on the men whom she met in the past. As
a result, there are different kinds of women with different beliefs even if they belong to the
same actual type.

For the explanation, suppose that a k-type woman is at the start of period ¢t = {0, 1, ...} of
single. Let Z denote a set of all (actual) types of women and b9 € A () denote a prior belief
for a k-type woman, where A (Z) is the set of probability distributions over Z. Let b}, (bg, h’,;)
denote a k-type woman’s belief at the start of period ¢ about her own type after history
h% given the prior belief bg, where bg (bg, h%) = bg. In this paper, we assume that bg is the
distribution of new single women over the levels of charm.'® Thus, by = bg. Moreover, ht =
(29, a5, (zr)) , .., (5/}’;;1, alrt (z1))) is the k-type woman’s history up to, but not including,
period t and al, (v;) € A = {a,a"} is the action of a man observed by the k-type woman
as the result of a search outcome in period ¢, where a indicates that the man proposed the
k-type woman and a~ indicates that he rejected her. If a k-type woman observes (i};,a)

(or (:Efc,a_)), she knows that a k-type man accepted (rejected) her. In this paper, we use

When F,, (z) and F,, (z) are symmetric, four possible steady-state equilibrium outcomes can be considered
when all agents have perfect self-knowledge: Equilibrium (i) agents of the same type marry (PSE); Equilibrium
(ii): agents of the H-type and the M-type form the first cluster of marriages, and agents of the L-type form
the second cluster of marriages; Equilibrium (iii) agents of the H-type form the first cluster of marriages, and
agents of the middle- and L-type form the second cluster of marriages; and Equilibrium (iv) all agents marry
the first person of the opposite sex they meet. From the proof of Proposition 1, Equilibrium (ii) occurs when
R} (zu) < zm, R; (xm) > zr. Equilibrium (iii) occurs when R} (zg) > zm, R} (xm) < zr.Equilibrium (iv)
occurs when R} (zr) < zm, R (zm) < zr.

"For other parameter ranges, it is difficult to show the indirect effect (indirect externality) of the learning
process. We will discuss this in detail in Appendix B.

12This one-sided imperfect knowledge assumption can make the influence of imperfect self-knowledge clearer
than the two-sided imperfect knowledge assumption. We discuss this in detail in Section 5.

13Gonzalez and Shi (2009) assume that the initial prior expectation of ability for a new worker is calculated
from the distribution of new workers over the levels of ability. In our model, the initial prior expectation of
charm for a new single woman also depends on the distribution of new single women over the levels of charm.
This distribution consists of the shares of women with belief b2 in the market.
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the term “action” to distinguish it from the reservation “strategy.” Specifically, in our model
with discrete types, even if an agent lowers his (her) reservation utility strategy, this does
not guarantee that he (she) accepts a woman (man) whom he (she) has rejected previously.
Therefore, in the following analysis, the statement that an agent changes his (her) action
means that he (she) changes the type of women (men) whom he (she) is willing to accept.

Let bfc (bo, h’,;) () denote a k-type woman’s probability assigned to the particular type
x € Z. This probability is determined by Bayes’ rule. The k-type woman’s posterior belief
bt (bo, b | (2L, ab, (xx))) (zx) after observing (i%,al, (vx)) at period t given her current
belief b, (bo, hl) is given by

bt (bo,ht ) (zr) Pr((zh,at, (zr)) |z
DL (bo, b (2Lt (1)) (2) = Z%Eﬁf e o Y

where bt (b, ALTY) (w) = LT (bo, BL| (3%, af, (zk))) (vx). In what follows, because by is
fixed in this paper, we omit writing explicitly bg.
Because we consider only pure strategies when self-knowledge is perfect in the model

t

presented here, Pr ((Z%,af, (zx)) |zr) = 0 or 1 when a k-type woman observes (%, af, (zy))

given the strategies of men. Because Pr ((z%,al, (z)) |zx) = 0 or 1, given (%, al, (z1)), hi
and strategies of men, a k-type woman knows that her actual type does not belong to a type
set. Let CI‘t ((aﬁk, at, (xk)) ,h};) denote the impossible type set of a k-type woman, which she
recognizes by observing (:f:’jc, at, (fz:k)) given hfc and strategies of men. Then, we can define
the set of the k-type woman’s remaining possible types at the period t + 1 recursively. Let
EZH = =\ @ (@, al, (x)) ,hl,) denote the set of the k-type woman’s remaining possible
types at the start of period t + 1, where Eg = Z. It is noteworthy that the set E’,; can be
interpreted as an information set in a sequential-move game. Because E}g depends on ht, to
simplify notation we write b}, (ht) as bt ("t) in the following analysis.

Let V,, (bt (”t )) denote the lifetime expected discounted utility of a k-type woman at the
start of period ¢ conditional on her belief bt (:k) Thus,

Vi (0, (B1)) = szesz Ok (E5) (zx) Vo (b, (E))

= 1+'r'dt Zaz E':'t ’_‘ (xk)

) B (max{%k’vw (b5 (B4 (3 ot (@))) | ) ] .

where Zj, has distribution H,, (Zx|zr). Manipulating and then letting dt — 0 yields

PV O (51) = 32, o, 0k (B0) () o (01 (1)) [B (max {3, Vaw 047 (B7) } b ) — Vi (01 (1)) ]

(5)
where b (ELFY) = bt (24 (2L, al, (21))). Because Vi, (b (Z%)) depends only on bt (EL),
women in the same information set Zf at period ¢ face the same decision problem regardless
of their actual types.

In this paper, because we consider the three-types case, a woman learns about her

10
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own type at most three times and there are at most six kinds of information sets: Zg =
= ={zmg,zm,2L}, Egm = {zg,em ), 2 = {emy 2}, Ey = {zg}, Ev = {zum}, and
=1 = {zr}. Therefore, from now on, we remove the superscript ¢ from the notations of
the state variables for the sake of simplicity because the changes of belief over time can
be represented by the elements of Zf. In the following analysis, let us call a “k-type
woman” and a “k-type woman” as a woman whose actual type is k € {H, M, L} with be-
lief by (Z;),1 € {0,HM,ML,H, M, L}, and a woman whose actual type is k € {H, M, L}

with any belief, respectively. Moreover, we write b; and b”( )) instead of by (£;) and

5L (2
b, (S| (&%, am (1)), respectively.t

Let Gy, (z) and Gy (z) denote the stationary distribution of men’s belief and that of
women’s belief, respectively. That is, G; (z,t) = G; (z) for all = and all . Let us assume
that all agents also know Gy, (x) and G, (z) (we later show that G, () and G, (x) depend
on « and Fj (x), which are common knowledge among all agents) and believe the market is
characterized by (G, Gy ). Because all men know their own types, Gp, (x) = Fpy, ().

We introduce an equilibrium concept for our model with imperfect self-knowledge. Al-
though each woman’s belief (state) changes over time, we now focus on the market in a steady

state.

Definition 3 In a Market Equilibrium with imperfect self-knowledge (MEI)(R (zx),R (b;),Gm,Gw):
(MEI-i) the agent strategies satisfy sequential rationality;
(MEI-ii) the agent beliefs at the sets of remaining possible types (the information sets)

along the equilibrium path are consistent with Bayesian updating given the equilibrium strate-

gies;
(MEI-iii) an exit flow of each belief in each actual type equals the entry rate of that belief

i that type.

We consider the following three MEI in the following subsections. First, we consider
the case of PSE with imperfect self-knowledge. Next, we find the Type 1 equilibrium to
show that the optimism by some women has two externalities. Finally, we find the Type 2
equilibrium to show that the pessimism by some women has an externality. These equilibria
satisfy (MEI-1)—(MEIL-iii).

4.1 PSE with imperfect self-knowledge

In this subsection, we discuss the PSE with imperfect self-knowledge (PSEI) in which agents
of the same type marry, when there are women with imperfect self-knowledge. Therefore,
ko-type (k = H, M, L) women always reject M-type men.!> Moreover, H-type women always
reject M-type men, M-type women always reject L-type men, and some L-type women always

accept L-type men.

Distribution of beliefs of women in the PSEI

“When t = 0, b° = bo.
15Otherwise, the PSEI does not occur as men and women of different types marry.

11
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To obtain the MEI, first, we derive the distribution of beliefs of women GZ () in the
PSEI. This distribution is derived in Appendix A.1.1.

Matching strategies and a market equilibrium

Men decide their optimal strategies given G (i = m,w) and women’s actions (who
accepts (or rejects) whom) in the market. Because all agents know G (), the strategy of
each type is common knowledge among all agents.

An H-type man has the same reservation level as an H-type man in the PSE because all
women want to marry H-type men. Given the strategies of H-type men, the decision of an
M-type man is as follows. Because a fraction n € (0,1) of M-type women accept M-type
men and a fraction ¢ € (0,1) of L-type women accept M-type men, the following lemma

applies to an M-type man.

Lemma 1 Let us assume that R} (xg) > xp, R (xpm) > xp (i =m,w), and that n €
(0,1) of M-type women accept M-type men and ¢ € (0,1) of L-type women accept M -type
men. If

an\%;x
o1 < (2) RE (aur) = S, ()

an M-type man rejects (accepts) an L-type woman. In this case, the reservation level of

an M -type man for an L-type woman decreases, in contrast with the benchmark result, i.e.,

R (zpr) > RE (wp). In the PSEL n = s ond ¢ = (I;’L”i)f,(;;((xg—i-)f,\]'\;)) hold.

Proof. See Appendix A.2. =
Lemma 1 means that the rejections of M-type men by some M-type women with im-
perfect self-knowledge lower the reservation utility level of an M-type man for an L-type
woman. It is noteworthy that the result R, (zas) > RE (z2s) does not depend on the cloning
assumption. This is because one can obtain the results of Lemma 1, except n = % and
¢ = ABNTAAT (AF+AT)
(AT ) (AT
stationary distributions).

, given a stationary market environment (i.e., F; (x) and G; (z) are
16

With constant «, if nAY; is small enough (anAy, < ( "L ) an M-type man accepts

= (zm—zL)

an L-type woman. Conversely, if there are enough M-type women who accept M-type men
(an Ay > (x;ffzm), an M-type man turns down an L-type woman.

Next, we investigate the optimal strategies of women. Women decide their optimal strate-

gies given G (i = m,w) and men’s actions. The optimal strategies of women are obtained

in the next lemma.

Lemma 2 Let us assume that R} (xp) > xpr and R (xpr) > xp (0 = m,w). Furthermore,
let us suppose that an M -type man rejects an L-type woman and an L-type man accepts an

L-type woman. If

2L < (Z) ( )\’A'}IaacM(r-i-a)\’Ln)(bﬁL(xM)) — Ri (bML), (7)

7(r+aAT+aAT; ) +a2 AT AT (b (zar))

'6 At this time, the equilibrium condition (MEI-iii) is not needed.

12
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a karp-type (k= M, L) woman rejects (accepts) an L-type man. If

)\’I“}amH(rJra)\"A})(bflM(mH)) 5P PP
TM < (Z) r(rJra)\?}Jra)\"A})JraQ)\g)\ﬁ(beM(:rH)) - Rw (bHM) o Rw (bo) ’ (8>

a kgpr-type (k= H, M) or a ko-type (k = H, M, L) woman rejects (accepts) an M -type man.
Moreover, RE (byrr) < RE (za) = RE (bar) < zar < RE (byar) = RE (bo) < R, (zy) holds.
XA (AT A% ) Al (AT

NENE NN ) NN (NE AT YA vasCANS v the

Here, bﬂL (xp) = and bZM (xg) =

PSEL

Proof. See Appendix A.2. =

Lemma 2 means that a kpsr-type woman rejects (accepts) an L-type man if there are
enough (few enough) M-type men or if bt (zpr) is sufficiently large (sufficiently small).
Similarly, a kgp- or ko-type woman rejects (accepts) an M-type man if there are enough
(few enough) H-type men or if b, (zp) is sufficiently large (sufficiently small).

Lemma 2 shows that the reservation level of a kg-type woman for an M-type man is the
same as that of a kgp-type woman. If the actual type of a kg-type woman is the L-type,
she is rejected by H- and M-type men regardless of her own action. Therefore, the decision
of a ko-type woman regarding whether or not to accept an M-type man does not depend on
the possibility that her actual type is the L-type. Hence, even if a ko-type woman becomes a
kga-type woman by meeting an M-type man, her decision does not change.

Women with imperfect self-knowledge assign probabilities to their own types. Therefore,
the reservation utility levels of Mysr-type women, Hppr-type women, and Hp-type women
are lowered in contrast with the benchmark results. On the other hand, the reservation utility
levels of Lpsr-type women, My p-type women, and ko-type (k = M, L) women are raised in
contrast with the PSE.

When 7 = 0, R (byrr) = R} (war) (= xas) holds. Therefore, a ky-type woman always
prefers to meet an M-type man over accepting an L-type man in order to have the chance of
confirming her actual type.!” This is because, if the actual type of a kysr-type woman is an
L-type, she would marry an L-type man sooner or later regardless of her action. At this time,
she obtains the same value when she is single regardless of her action due to a lack of time-
consuming cost (r = 0). Hence, the possibility that the actual type of a kysr-type woman is
an L-type does not affect her own decision. Consequently, the decision of a kjs-type woman
is the same as that of an M-type woman with perfect self-knowledge.

If » > 0, the possibility that the actual type of a kpsr-type woman is an L-type affects
her own decision. The agents with imperfect self-knowledge need to take into account the
time-consuming cost due to the learning process.'® When a kj;z-type woman is an L-type,
she is refused by an M-type man. It is then desirable for an Lysr-type woman to accept an

L-type man before thoroughly understanding her own type. Therefore, the reservation level

"An Lysr-type woman will be optimistic as she raises her reservation utility to reject an L-type man. We
will analyze the influence of optimism on a market in Subsection 4.2.

18 Therefore, in our model, it is possible that a woman with imperfect self-knowledge could marry before
thoroughly understanding her own type.

13
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of a kyrr-type (k= M, L) woman is lower than that in the case of r = 0.19

A similar discussion could be presented for RE (byas) = RE (bo) = R, (vy) (= vp) when
r=0.

It is noteworthy that similar to Lemma 1, the results of Lemma 2, except the value of
bl . (zar) and that of bL,, (ry), do not depend on the cloning assumption.

From Lemmas 1 and 2, we then immediately obtain sufficient conditions for the PSEI.

Proposition 2 Let us assume that xpr < R} (xg) and x, < R} (xp) (i =m,w) hold. If
RE (xpr) > 2p, RE (byn) > 21, and RE (bgar) = RE (bo) > ar, then there exists the PSEI
i which H-type agents form the first cluster of marriages, M -type men and Mpyrr,- and M-
type women, the second cluster, and L-type men and Lyi- and Lpa-type women, the third

cluster.

Proof. Omitted. m

The implications of Proposition 2 are as follows: if there are enough H-type men or H-type
women (RE (bgn) = RE (bo) > xa), an M-type man is rejected by a ko-type (k = H, M, L)
or kgy-type (kK = H,M) woman. When there are enough M- and Mjysr-type women
(RE (xpr) > x1), an M-type man rejects an L-type woman.?’ When there are enough M-
type men or Mjysr-type women (RE (byrr) > zr), a karr-type (k = M, L) woman rejects
an L-type man. However, when an Ljs;-type woman rejects an L-type man, she becomes
an Lp-type woman sooner or later because of being rejected by an M-type man. Then, an
L-type woman accepts an L-type man. As a result, the PSEI occurs. It is noteworthy that
the first cluster of marriages is not influenced by women who are unaware of their own types.

When RE (xp7) > 21, the M-type man’s rate of contact with a woman whom he wishes

to marry is anA{;. Then, an M-type man’s time (duration) until meeting such a woman is
1

an\y -’

with imperfect self-knowledge because his time until marriage in the benchmark case is ﬁ

Therefore, his time until marriage is delayed due to the rejections from M-type women

This delay of marriage is the direct negative externality of optimism. Moreover, the marriages
of all agents, except those of H-type men and some H-type women who meet H-type men
in their first encounter, are delayed due to the refusals by the women who are learning their
own types.?! Therefore, the welfare of each type of women in the PSEI is always lower than

that in the PSE because their marriages are delayed due to their own learning. The welfare

D1t 5 karr-type woman lowers her Rf; (bar) to accept an L-type man whom she rejects when she knows
her own type, an Masr-type woman will apparently underestimate her own type. We will analyze these effects
of pessimism in Subsection 4.3.

20The share of Mas-type and that of Mysr-type women in the market depend on A7. Therefore, if there
are many H-type men, there will be many M- and My/r-type women.

2! The duration until marriage of each agent can be obtained easily. In the PSE, the duration until marriage
of k-type man (woman) is a;i (i = m,w, k= H,M,L). However, in the PSEI, the duration until marriage
1 Vﬁkﬂﬁ 1 AP

A T

AW
that of an My/-type woman is

, that of an Hga-type woman is

1
SNTTaATT AT that of an

. Therefore, their marriages are

of an M-type man is , that of an L-type man is

1
O‘)‘EO‘)‘KZ{' ’
Lyii-type woman is

. 1
that of an Msr-type woman is AT aAT

1 : : 1
AT QAT G and that of an Lrs-type woman is ST AT

delayed by the learning process of women.
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of each type of men, except H-type men, also decreases because of the rejections from women

with imperfect self-knowledge.

4.2 Influence of optimism on a market

In this subsection, we investigate the effects of optimism: a woman with imperfect self-
knowledge rejects a man whom, when she knows her own type, she accepts.

One effect is the direct negative externality of optimism that is obtained in Subsection
4.1. More precisely, we define the direct externality of optimism as the situation in which a
man who is now rejected by an optimistic woman lowers his reservation level relative to the
benchmark case because of the delay of marriage, but he does not change his action. In a
two-sided search model, if the above man lowers his reservation level to change his action, the
woman who is now accepted by him may also change her action. Therefore, in this subsection,
we investigate the influence of some women’s optimism on the actions of the others, including
the agents who are not directly rejected by the optimistic women.

For this reason, we will find a Type 1 equilibrium (Type 1) in which H-type men reject
M-type women, M- and L-type men accept L-type women, ko-type (kK = H, M, L) women
reject M-type men, and kpsp-type (kK = M, L) women reject L-type men. In other words,

Mo-, Lo-, and Ljsr-type women are optimistic.??

Distribution of beliefs of women in the Type 1
To obtain the MEI, first, we derive the distribution of beliefs of women GL! (x) in the
Type 1. This is derived in Appendix A.1.2.

Matching strategies and a market equilibrium

First, we investigate the optimal strategies of men. An H-type man has the same reser-
vation level as an H-type man in the PSE because all women want to marry H-type men.
As an Hy- or My-type woman rejects an M-type man, the option of an M-type man is
to marry or to reject an L-type woman. In the same manner as in Lemma 1, from Fig-
ure 2, we immediately obtain the reservation level of an M-type man for an L-type woman
RIY (zp) = % (< R}, (zn)), where 7 = ﬁ in the Type 1. An L-type man also
accepts an L-type woman if an M-type man accepts an L-type woman.

Next, we investigate the strategies of women given men’s strategies (or actions). The

optimal strategies of women are obtained in the next lemma.

Lemma 3 Let us assume that xp < R} (vp) and x, < R} (xp) (i =m,w) and that an
M- or L-type man accepts an L-type woman. At this time, a kprr-type woman (k = M, L)
rejects an L-type man (RL (bpr) = R (xa1)). On the other hand, a ko-type woman rejects

220f course, we can consider another equilibrium in order to describe the optimistic behavior. However, at
this time, we cannot show that optimism prevents the lowest-type agents from marrying in our model with
three types of agents (for the details, see Appendix B). Hence, we focus on the Type 1.
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(accepts) an M -type man if

= Ry," (bo). (9)

Njox g (T+a)\7]\’}[)(bgl(zH))
™M < <Z) r(r+aAﬁ+a)\7A’}[)+a2)\"Hl)\T/[(bgl(a:H))

Moreover, RL! (bg) < R% (zg). In the Type 1, b}l (vy) = 7/\%?%11%)
Proof. See Appendix A.2. =

Lemma 3 suggests that a kg-type woman rejects an M-type man if there are enough H-
type men or H-type women. On the other hand, because an M-type man accepts an L-type
woman, an Mysr-type woman and an Ljs7-type woman face the same problem. As a result,
a kprp-type (k= M, L) woman turns down an L-type man, because there are enough M-type
men (z1, < RE (vpr)). 2

Given matching strategies of men and women in the Type 1, we immediately obtain
Proposition 3. In this equilibrium, the optimism of My-type women prevents the lowest-type

men from marrying.

Proposition 3 Let us assume that xpy < Rf (xg) and xp < RY (zpy) (i =m,w) hold.
If RLY (bo) > xps and RLY (xpr) < xp, there exists the Type 1 in which H-type agents form
the first cluster of marriages, M-type men and Mysr-type women, the second cluster, and
M -type men and Lpsp-type women, the third cluster. In this equilibrium, L-type men can

never marry.

Proof. Omitted. =

The implications of Proposition 3 are as follows: when there are enough H-type men or
H-type women (RI!(bg) > xpr), a ko-type woman rejects an M-type man. If there are few
enough My, -type women (RL! (z37) < 1), an M-type man changes his action compared to
the benchmark case; he accepts an L-type woman. This leads an M- or Lysr-type woman
to refuse the offer by an L-type man (RE (byr) = R, (xa) > x1). As a result, an L-type
man can never marry.>*

From Proposition 3, when there are many optimistic women in the market, the indirect
externality of optimism occurs: the men who are now rejected by optimistic women change
their actions; i.e., they accept another lower type of women whom, when all agents know
their own types, they reject. Given this fact, in a two-sided search, the women who are now
accepted by these men may also change their actions. As a result, there is a case in which
someone’s optimism generates the agents who cannot marry.

The welfare of M-type women in the Type 1 is always lower than that in the PSE because
their marriages are delayed due to their own learning. The welfare of L-type men is also

lower because they cannot get married. On the other hand, because M-type men accept

23GQimilar to Lemma 2, the results of Lemma 3, except the value of bZ* (zm), do not depend on the cloning
assumption.

?*The share of kparr-type women (k = M, L) depends on the share of H-type men 7. However, even if
Fm (z) and F, (z) are symmetric, RL! (zar) < zr and RL! (bo) > xar hold in some parameter ranges (see
Example 1).
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both M- and L-type women, their welfare increases or decreases as a whole, depending on
xr(k = M, L) and the shapes of F,,, (x) and F, (z). Although L-type women marry M-type
men, their welfare also increases or decreases as a whole, depending on F, (x), Fy, (x), and
xp(k=DM,L).

In the next subsection, we investigate the effects of pessimism.

4.3 Influence of pessimism on a market

In this subsection, we investigate the effects of pessimism: a woman with imperfect self-
knowledge accepts a man whom, when she knows her own type, she rejects. From Lemma 2,
if r > 0 is large, a woman with imperfect knowledge would tend to be pessimistic.

The pessimism of a woman makes the future partner better off because she increases the
value of the match to the partner. Therefore, the pessimism increases the reservation level
of the men who are now accepted by pessimistic women. If these men raise their reservation
levels but do not change their actions, we call this effect the direct (positive) externality of
PESSIMISM.

On the other hand, the pessimism has no indirect externality. To establish this fact by
proof by contradiction, we have to investigate all cases in which indirect externality occurs:
if there are enough pessimistic women, the men who are now accepted by these pessimistic
women reject the women whom they accept when all agents know their own types.

The next Lemma shows that the indirect externality of the pessimism does not occur.
Lemma 4 Let us assume that xp < R} (xg) and xp, < Rf (zpr) (i = m,w).

o When there are pessimistic Mysr-type women who accept L-type men, an L-type man

always accepts an L-type woman.

o When there are pessimistic Hy- or Hgas-type women who accept M -type men, an M -

type man always accepts an M -type woman.

o When there are pessimistic ko- or kgpr-type women (k = H, M) who accept L-type

men, an L-type man always accepts an L-type woman.

Proof. See Appendix A.2. =

Lemma 4 shows that the pessimism does not have the indirect externality. For example,
if an L-type man rejects an L-type woman because of the expectation to marry a pessimistic
Mjrr-type woman, the proposal from him to an Mjysr-type woman informs her that she is the
M-type. As a result, a kpsr-type woman has the incentive to reject an L-type man because
she prefers to have the chance of learning her actual type than to accept an L-type man.?
This contradicts the assumption that a kj;r-type woman accepts an L-type man. Therefore,

an L-type man does not change his action even if there are enough pessimistic Mysr-type

Z5If the actual type of a kasr-type woman is the L-type, she is rejected by an M-type or an L-type man
regardless of her actions. Hence, the possibility that she is an L-type does not affect her decision regarding
whether to accept or not an L-type man.
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women for L-type men to reject L-type women. Similarly, the other pessimistic behaviors by
women do not have the indirect externality.

Lemma 4 also shows that the reservation level of a woman with imperfect self-knowledge
never rises even if she receives an offer that has some information about her own type. An
offer from a man whom she decides whether to accept or not does not affect her decision in
equilibrium, because the man chooses his strategy so as not to raise her reservation level.
An offer much lower than her reservation level is proposed by a man whom the woman with
imperfect self-knowledge rejects. At this time, her decision is also not affected by that offer
because she decides whether to accept or not another type of man. A high offer results in the
agent getting married similarly to the finding by Burdett and Vishwanath (1988). However,
in their model, workers learn the unknown wage distribution. In contrast, our model is a
two-sided search and single agents know the type distribution but do not know their own
types.

On the other hand, the rejections from a man decrease the reservation utility level of
a woman with imperfect self-knowledge when ko-type women reject M-type men.?® From

Lemmas 2 and 4, we obtain the next lemma.

Lemma 5 Let us assume that R} (xp) > xpr and R} (xpr) > xp (0 = m,w) and that ko-type
women reject M -type men. If a rejection from a man has some information about a woman
with tmperfect self-knowledge, the rejection from him for her decreases her reservation utility

level.

Proof. See Appendix A.2. =

Burdett and Vishwanath (1988) show that an offer much lower than expected leads the
worker to revise his or her reservation wage downward. In contrast, this result shows that if
women with imperfect self-knowledge start to search with the strategies of accepting only the
highest type of men, a woman revises her reservation level downward whenever she receives
a rejection that has some information about her own type.

The results of Lemmas 4 and 5 can be obtained when F; (z) and G; (x) are stationary

distributions. Hence, these results do not depend on the cloning assumption.

Next, we show that the pessimism has direct externality. To reuse the framework of the
PSEI in what follows, let us consider a Type 2 equilibrium (Type 2) in which H-type men
reject M-type women, M-type men reject L-type women, L-type men accept L-type women,
ko-type (k= H, M, L) and kg p-type (k = H, M) women reject M-type men, and kpsr-type

(k= M, L) women accept L-type men. In other words, My;r-type women are pessimistic.?”

20When a ko-type woman accepts an M-type man and rejects an L-type man, there exists a case in which a
rejection from a H-type man increases the reservation level of a woman with imperfect self-knowledge. In this
case, we only have to investigate whether Ry, (bo) is higher than Ry (bar) (and whether R, (barz) is higher
than Ry (br)) because there are no kga-type women. However, if a kjrr-type woman rejects an L-type man,
R, (bo) is higher or lower than R, (barz), depending on the actual type distributions F; (z), (i =m,w).

Note that if F; () is the discrete uniform distribution (i.e., A}, = & (i = m,w, k = H, M, L)), Ry (bo) >
Rw (bML) holds.

2T0Of course, we can consider another equilibrium in order to describe the pessimistic behavior. At this time,
we can qualitatively obtain the same results as in Proposition 4 below.
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Distribution of beliefs of women in the Type 2
We then obtain the distribution of beliefs of women in the Type 2 (GL? (x)) in Appendix
A.1.3.

Matching strategies and a market equilibrium
Let us investigate the strategies of men. An H-type man has the same reservation level
as an H-type man in the PSE. In the same manner as in Lemma 1, the reservation level

of an M-type man for an L-type woman RL2 (x)) = (ifjavf)j);‘%ff) (< RY, (xar)), where
2 2¥2) M
N

(g + Yog) = N+ O A ) (AT in the Type 2, is obtained. From Lemma 4, an L-type
H M L H M

man accepts an L-type woman, even if there are enough pessimistic My -type women.

Next, the optimal strategies of women are obtained in the next lemma.

Lemma 6 Let us assume that xp < R} (vp) and x, < R} (xp) (i =m,w) and that an

M -type man rejects an L-type woman. If

Ao g (r-i—a)\z””) (b%}fL (mM))

T2 —
71 < (2) Bu” (ML) = S any) rat g (082, ean)) (10
a kyrr-type woman (k = M, L) rejects (accepts) an L-type man. If
Moz (r+af ) (b52  (z
rr < (2) R mae) = g e ey = RE G0, ()

7(r+aX+aA )+ AR AT (b2 (za))

a kgar-type (k= H, M) and a ko-type (k = H, M, L) woman reject (accept) an M -type man.
Moreover, RL? (byrr) < RE (xar) = RL? (bar) and RE? (bga) = RE2(by) < R (wy) hold.

T2 _ Nji gy (A + X5 T2 _ OO O AT))
Here, byiy, (2a1) = S gy ogan g ) @740 (TH) = Sae s Sy o (3 408,
in the Type 2.

Proof. See Appendix A.2. m

Lemma 6 implies the following: except the value of b2, (zpr) and that of b%3, (vp),
Equations (10) and (11) have the same form as Equations (7) and (8), respectively. However,
the difference between the PSEI and the Type 2 is whether or not kjsr-type women accept
L-type men. As a result, G& (z) and GL? (x) are different and then b1? (z5/) and b23, (zp)
are different.

From RI2? (/) and Lemma 6, we immediately have Proposition 4 for the Type 2. In this

equilibrium, pessimism has direct externality.

Proposition 4 (Type 2) Let us assume that xpr < Rf (xg) and x, < RY (zpr) (0 = m,w). If
ry < RE2 (bgy) = RE2 (bo) and RL? (byrr) < xp < RE2 (2), then there exists the Type 2
in which H-type agents form the first cluster of marriages, M -type men and Myrr-type and
M pr-type women, the second cluster, L-type men and My -type women, the third cluster,
and L-type men and Lyrr-type, Lii-type, and Lis-type women, the fourth cluster.

Proof. Omitted. m
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The implications of Proposition 4 are as follows: there is the direct externality of pes-
simism in the Type 2, in which all agents can marry. If there are enough H-type men and
H-type women (73 < RL2 (bgas)), an M-type man is rejected by a ko-type and a kg y-type
woman. Moreover, a large A% implies a large share of M- and Mjysr-type women in M-type
women. If there are enough My;- and Mysp-type women (x7, < RLY2 (xy/)), an M-type man
rejects an L-type woman. If there are few enough Mj/r-type women satisfying RL? (barz)
<z (< RI?2 (:UM)), a kprr-type woman accepts an L-type man. This is because she assigns
low probability to being an M-type woman. However, as an L-type man accepts an L-type
woman, all agents can marry sooner or later.

The welfare of L-type women in the Type 2 is always lowered due to their own learning,
relative to those in the PSE. The welfare of M-type men also decreases because these men
are rejected by My- and My p-type women. The My p-type women who marry L-type men
obtain lower utilities than M-type women with perfect self-knowledge. However, as M-
type women in the Type 2 can marry earlier than M-type women in the PSE, the welfare
of M-type women increases or decreases as a whole, depending on F, (x), Fy, (x), and xi
(k= M, L). Because L-type men marry M- and L-type women, their welfare also increases
or decreases depending on F, (x), Fy, (x), and xx (k = M, L).

Propositions 3, 4 and Lemma 4 suggest that, whereas optimism has an indirect externality,
pessimism does not have indirect externality. This difference depends on the agents whom
the indirect externality first affects. In the case of pessimism, some M-type women with
imperfect self-knowledge accept L-type men. Given this, if an L-type man rejects an L-type
woman, his offer to a pessimistic M-type woman informs her that she belongs to a higher
type than she believes. Hence, the indirect externality of pessimism does not occur. On the
other hand, in the case of optimism, even if an M-type man accepts an L-type woman due
to the existence of many optimistic M-type women, the acceptance of an L-type woman by
an M-type man makes an L-type woman better off. Therefore, the indirect externality of
optimism remains.?®

When all agents know their own types under the cloning assumption and the assumption
of non-transferable utility, a unique equilibrium always occurs (see Burdett and Coles (1997)).
However, if there are agents with imperfect self-knowledge under the cloning assumption and
the non-transferable utility, it is possible that multiple equilibria occur. From Propositions
2, 3, and 4, in some parameter ranges, multiple equilibria can occur; both the PSEI and the

Type 2 can exist. To clarify this point, we consider the next example.

Example 1 Let us assume that 2ac > 3r and that Fy, (x) and Fy, (x) are discrete uniform
distributions: \i = %, (i = myw, k = H,M,L). At this time, the sufficient conditions

28In the Type 1, as M-type men accept the lowest type of women (that is, L-type women), his offer carries
no information about types of women. Then, an L- or M-type woman learns nothing from his offer. However,
if there are a lower type than “L-type” and if an M-type man accepts an “L-type” woman, an L- or M-type
woman will learn something about her own type from the acceptance by an M-type man. However, this
acceptance will still make an L-type woman better off. Then, the indirect externality of optimism would
remain in this case.
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fo(gTihOSa]:SEI become RE (bg) = % > xy and RE (xp) = s > RE (byr) =
m > xr, from Proposition 2. Similarly, the sufficient conditions for the Type 1 are
RIL (by) = % > xpr and REY (zp) = s < xr from Proposition 3. The sufficient
conditions for the Type 2 are xpr < RL? (bgpr) = RL? (bo) = % and RY2 (zp) =
sl < RL? (byr) = % <xp < RIZ(zy) = #24 from Proposition 4. The Type
2 and the Type 1 do not hold because RL? (xpr) — RLY (za7) = —% < 0. Moreover,

as RT (xpr) = RP (xar), the PSEI and the Type 1 do not hold either.?® However, because
ry < RL2 (bo) (< RE (bo)) and RL? (byr) < xp < RE (bar) (< RE2 (z0r)), the PSEI and
the Type 2 hold.

Figures 4 and 5 show how the outcomes in Example 1 depend on xg, z3; and xy while
holding all other parameters constant. There is an overlap between the two equilibria for x s
< RT2 (bg) and RL? (byr) < 21, < RE (barr).

The intuition of multiple equilibria is as follows: marriage patterns are determined by all
agents’ expectations about the actions of agents with imperfect self-knowledge. If all agents
expect that kyrp-type (I = M, L) women will accept L-type men, these expectations form
G12 (z). Then, the marriage pattern of the Type 2 arises. On the other hand, if all agents
expect that kpsp-type women will reject L-type men, the marriage pattern of the PSEI arises
through GE (x).3

5 Discussion—two-sided imperfect self-knowledge

In this paper, we assume one-sided imperfect self-knowledge: no women initially know their
own types, whereas all men know their own types.?! This one-sided imperfect self-knowledge
assumption is important in order to clarify the influence of imperfect self-knowledge. From
Lemma 2, the uncertainty of an agent’s own type affects her own expected life utility. More-
over, the existence of others with imperfect self-knowledge also affects agents’ expected life
utilities from Lemma 1. We can analyze these two influences on the expected life utility of
an agent separately, under the assumption of the one-sided imperfect self-knowledge. The
one-sided imperfect self-knowledge assumption describes the situations given below. In the
context of the labor market, a firm has more information about its own type than a worker
because the firm will generally have more experience than the worker. In the context of the
marriage market, when more men work outside the home than women, it will be easier for
men than for women to get the objective data on their own charm, such as income, position
at work, and social status.

Although two-sided imperfect self-knowledge—all men and women initially lack knowledge

of their own types—is a nontrivial extension, our results suggest that, if two-sided imperfect

2RI (xpr) = RE (xar) always holds from Propositions 2 and 3.

30The welfare implication of these two steady states is obtained in Example 2 in Appendix C.

31Tn our analysis, a man and a woman are assumed to propose or reject a member of the opposite sex
simultaneously. As we assume that all men know their own types and no women initially know their own
types, similar results can also be obtained in the case of a sequential move in which a man proposes to a
woman in the first move and she proposes or rejects him in the next move.
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self-knowledge is assumed in the optimism case, the reservation level of any agent (“he”)
will be simultaneously affected by the following two factors: (i) the large share of optimistic
women who now reject his type; and (ii) the uncertainty of his own type. The first element
always lowers his reservation level from Lemma 1. For the second element, as we show in
Lemma 2, his reservation level decreases or increases relative to that in the case of perfect
self-knowledge. On the other hand, in the case of pessimism, only the uncertainty of his own
type will affect his reservation level. Hence, two-sided imperfect self-knowledge will make the

analysis more complex. Such work is left for future research.

6 Concluding remarks

We analyzed a two-sided search model in which we presumed that no women initially know
their own types and then learn their own types from offers or rejections by men. With this
learning process, the two-sided aspect of a search problem generated a significant interest.
In particular, we showed that the optimism of some agents prevents the lowest-type agents
from matching in an equilibrium. However, the pessimism of some agents does not affect the
matching of the lowest-type agents.

Our model can also explain that the reservation level declines with the duration of search.
Burdett and Vishwanath (1988) showed that when workers learn the unknown wage distrib-
ution, the reservation wage of an unemployed worker declines with his or her unemployment
spell. Unlike their model, ours is a two-sided search and single agents know the type dis-
tribution but do not know their own types. The results in this paper showed that a high
offer results in the agent getting married similarly to the finding by Burdett and Vishwanath
(1988). However, if women with imperfect self-knowledge start to search with the strategies
of accepting only the highest type of men, a woman revises her reservation level downward
whenever she receives a rejection that has some information about her own type. On the
other hand, an offer lower than the reservation level does not affect the decision of a woman
with imperfect self-knowledge. An offer much lower than the reservation level is proposed
by a man whom the woman with imperfect self-knowledge rejects. Thus, her decision re-
garding whether to accept or not another type of men is not affected by that offer. An offer
from a man whom she decides whether to accept or not also does not affect her decision in
equilibrium because the man chooses his strategy so as not to raise her reservation level.

We conclude with a discussion of some possible further extensions of this model. First,
this paper assumes that there is no divorce. However, when a woman marries a man before
thoroughly understanding her own type, she may learn about her actual type after she gets
married. In this case, the divorce rate will be influenced by this learning in marriage.

Next, we assume three types of agents. If we consider a model in which there are n types
of agents and many clusters of marriages, the learning process about one’s own type will be
more complex. However, if there are n types of agents and three clusters of marriages are

generated by a large enough «, our results also apply to this case.
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Appendix A.1

Appendix A.1.1. Beliefs and the distribution of beliefs of women in the PSEI
As actions of each type of men are the same as those in the PSE, learning processes of women
are described as in Figure 1. The outline box for each type in Figure 1 represents the share of
each type of women A}, (k = H, M, L). For example, if an Hp-type woman meets an H-type
man, then she learns that she is an H-type, leaving the market with him. After another
Hy-type woman meets an M-type man, she becomes an Hpyy/-type woman. As a result,
there are two kinds of H-type women according to different beliefs: Hy-type and Hgas-type.
Here, let 6 € (0,1) denote the share of Hpps-type women in H-type women. Similarly, we
can consider the learning process of M-type and L-type women (see Figure 1). Here, for
the M-type women, let © € (0,1), v(1—¢) € (0,1), and v¢ € (0,1) denote the share of
Mprr-type women, M y-type women, and Mj,-type women in M-type women, respectively.
For the L-type women, let ¢ (1 —v) € (0,1), ¥v € (0,1), and x € (0,1) denote the share
of Lysr-type women, Lyi-type women, and Lys-type women in L-type women, respectively.
From these shares (6, 11,7, ¢, %, v, k) and A\, the stationary distribution GZ (z) is given.

Moreover, in a steady state, (MEI-ii) is required. That is, in Figure 1,

o\ (1=0) Ny = ooy (12)
A (L—p—7) Ay = aXjpudy (13)
aXip (L=p =) Ay = aXgy (1= ¢) Ay = aAfpydAi, (14)
OB (L= p— RN = aNFw(1—9) A = aXPyoy, (15)
o\l (1= —kr) AT = aA['rAL. (16)
From (12) to (16), we obtain
oA /\%
_ (A’”)
B /S (w)
O O v M (oY PR R (19)

The (actual) type distribution of the new single women consists of the shares of ko-type

women (k = H,M,L). From Figure 1, the prior belief of a woman consists of bf (zp)
(1=0)\j P _ (I—p=) Ay P —
- - G)A}’}zr(l Iz )V)A}I\“jﬂl —ong 0o (wm) = T g ao-mxg and b (zL) =
1
o N T

. Substituting (17)—(19) into these three equations, we obtain

bP (wn) = ABNE (AT ) (AR +ATY)
0 A T NN AN AN NS ) N E AT )+ (NG AT ) AEAE AT,
b (war) = OF 5 DB

0 AL (ABANGANEAT AN A ) A+ ) +(NE AT ) AT AP AR
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P (z1) = (NBAAT)ATAE A _
0 AT (BN AXNEAT AT ) (AT AT ) (NG AT ) AT AL AT,

Given the prior belief, by Bayes’ rule, we obtain

N (AF+AT)

P _

brm (wr) = NG (BT ) AT A, (20)

P o ATEAY

b (TM) = xpxmxiag Txmas,

P _ NG (AT AT

barr, (@) = VIV ESVANSYO VA SUES VAL (21)
ATAY (A +AT)

P _
barr (1) = NENE (VAT ) ANEAL (N ARE)
bin (1) = biyr, (wm) =0,

by (zar) = by, (wr) = 1.

It is noteworthy that from Figure 1, we can confirm that these beliefs are consistent with
GP (J:) 32
w ().

Appendix A.1.2. Beliefs and the distribution of beliefs of women in the Type
1 Asan M- or L-type man accepts any woman, the woman who receives his proposal learns
nothing about her own type. Therefore, only when a woman meets an H-type man does
she learn something about her own type. Figure 2 describes the women’s learning processes.
From Figure 2, there are five kinds of women according to different beliefs: kgp-type women
(k = H,M,L) and kpsr-type women (k = M,L). Here, 7 € (0,1) and w € (0,1) denote
the share of Mjysr-type women in M-type women and that of Ljsr-type women in L-type
women, respectively.

(MEI-iii) requires that

aNF (L=7)Ay = a\yTAYy, (22)

aNF (1 —w) A} = aljwA}, (23)

hold in Figure 2. From these equations, we obtain

Afr

T=w= i (24)

Therefore, the prior belief of a woman consists of b (zy) = Az+(lf:\)ﬁ(>\}\“/,+>\2’)’ bt (zar)

= ,\1;[+(§I:T;K%+XE)’ and b1 (z) = Ag+(1(i)7()i%+xf)' If we substitute (22) and (23) into

32 As we employ the cloning assumption, one can confirm that bl (zw) = m, b (Tm) =

i b (@n) = iy b (31) = xratiotsg s bhr (@ar) = 25340, and b (21) =
(st hold.
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these three equations, we obtain:

0 ey = HOECHD (25)
1 AV AT

b (em) = SR

T AP

b (wr) = iy

From Figure 2, we can confirm that these beliefs are consistent with GL! (z).

Appendix A.1.3. Beliefs and the distribution of beliefs of women in the Type 2
The information about women’s types from proposals or rejections by men is also the same
as that in the PSEI because the actions of men are the same as those in the PSEI. Then,
the learning processes of women are also the same as those in the PSEI (see Figure 3). Let
02 € (0,1), 72 (1 = ¢2) € (0,1), va5 € (0,1), py € (0,1), ¥y (1 —v2) € (0,1), Yor2 € (0, 1),
and kg € (0,1) denote the share of Hpps-type women, that of Mpy-type women, that of
Mjr-type women, that of Mp;p-type women, that of Ljsr-type women, that of Lpi-type
women, and that of Ljs-type women, respectively.

(MEI-iii) requires that in Figure 3,

o\l (1 —02) Ny = aNFoa )\, (26)

adfr (1= g —72) Ay = a(Aaf + AL) oAy (27)
anr (L—pg = 7o) Ay = aXgye (1= ¢2) Ay = aAfppadoAyy, (28)
aXfr (1 =ty —r2) AL = a(ARf + A7) P2 (1 —v2) AY (29)
aAfpy (1 —w2) AL = aAporald], (30)
aAir (1 =ty —R2) AL = @AL'RaAL. (31)

All equations, except (27) and (29), have the same forms as (12) and (14)-(16) in the
PSEL From (26) to (31), we obtain

02 = AmAr,\mv (32)
2
He = A%(Ax}ﬁzﬂ))( RSV (33)
V2 = Aéfﬁ}ff} Z(L;%z;)m) P2 = ﬁ (34)
Yo = Njp, V2 = (AK;TT)’ ko2 = A\y. (35)
Then, the prior belief of a woman consists of bOT2 (xg) = =Dy == M(; 3;))§Z+(1 s
R (1792”%*(19‘;@7335%(1*%*”2)&”’ and by* (v1) = (1—em%(1£22327§§i<1w2m>w'
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If we substitute (32)—(35) into these three equations, we obtain:

S e — w%?ﬂ“ﬁ(j’ﬁt:ﬁy:i”?%)w S
(AFAATAXTAT ) (ARG + (ABAL AT AT )AL )+ X AT (A 4T ) (MG +A7))

b2 (2r) = MR (AR AAE ) (AT AR )

0 M) RN ANENE ) NG+ VBN AT AT N VN AT A ) (Vi Ag )

BT2 (21) = NN (AT ) (NFAAGAE+ATY)

(NFANTANTIAT) (AN +(ABAT AT AT )AL )+ A AT (A AT ) (A +A7;)
Given the prior belief, we obtain

- e
b (ar) = A?}A%+A(w];£$5%§5@+w) ’
barz (war) = AfATL”(Ag+A;TIi;%+(A):§)1AA%)A%(/\}f—w\ﬁ) ’
barz (v1) = Aww(Agjrisx(i%@")l/\?xgi;ﬁzwﬂﬁ) ’

bify (zu

bif (zr) = bizy, (z) =0,
bif (zar) =017 (1) = 1.

From Figure 3, we can confirm that these beliefs are consistent with GL? (z).

Appendix A.2

Proof of Proposition 1: First, we consider the decision of an H-type agent. He (she)
decides whether to accept or not a woman (a man) of the M- or L-type. From (2), the

expected discounted lifetime utility of a single H-type agent V; (zg), (i = m,w) becomes
rVi(xg) = a)\ (x

; )

Vi (v
+ Xy [max (Vi (en) , 22) = Vi (2n)] + oAy, [max (Vi (2r) . %) = Vi(am)] . (38)

An H-type agent (i = m,w) meets an H-type agent of the opposite sex j (= w,m) with
probability oz)\?{, and they marry. However, if an H-type agent meets an M- (L-) type agent
of the opposite sex with probability a/\gw (a/\%), he or she compares xps/r (z1/r) and V; (vg)
and then decides whether or not to propose.

If an H-type agent turns down an M-type agent of the opposite sex j, V; (zg) > *A4.
From (38), this H-type agent’s discounted lifetime utility when he or she is single becomes

PV (ze) = aXy (4 =V (zn)) .

r

On the other hand, when he or she accepts an M-type agent j and turns down an L-type

agent j, i.e., ®4 > V; (xg) > %, his or her value function is?3

331f an H-type agent proposes to an M-type agent but turns down an L-type agent (zr/r < Va < za/7),
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rVe (zg) = a)\gq (22 — Vi (zg)) + a/\%/f (L — V& (zg)) -

T T
If VI (zg) > VS (zg) is satisfied, an H-type agent refuses an M-type opposite sex agent
j. This inequality V" (zg) > V* (rm) means that

a)\%{zH
3 .
aXy+r

ry < R} (zm) =

If xpr > RY (xg), an H-type agent proposes to an M-type agent i.
Under inequality (3), we can obtain the condition for an M-type agent to reject an L-type
opposite sex agent j by the same process as that described above. Consequently, we have

J
aXy, T

T < R: (:L‘M) aA{err'

Proof of Lemma 1: The reservation level of an M-type man for an L-type woman can
be calculated as follows: now, a fraction n € (0, 1) of M-type women and a fraction ¢ € (0,1)
of L-type women accept M-type men. If an M-type man turns down an L-type woman

(Vi (xpr) > xp /), his value function becomes
Vi (war) = anXyp (B = Vi, (2u)) -
Conversely, when an M-type man proposes to an L-type woman (V¢ (zpr) < zr/r)

Vi (war) = ey (B = Vi (an)) + oGN] (22 = Vi (2a)) -

r

Hence, we have his reservation utility level for declining an L-type woman, (';T:% =
M
RP (xpr). Compared to the PSE, we have
P _ _ raAfyyza (1-n)
Ry (war) = By (2ar) = (ot ) (rramag) < V-
m mym mym 2m
From (17) to (19) and Figure 1, n = p+~v¢ = )\%{\ﬁ and (=9 +k= (/\;{E)‘i)\;ﬁif‘ﬁii%)

hold in inequality (6) in the PSEI. B

Proof of Lemma 2: The reservation level of a kj;z-type woman for an L-type man can
be calculated as follows. The expected discounted lifetime utility of a kpsr-type woman can

be written as

the high- and M-type agents receive at least the same number of offers. Hence, Vg > Vi, and then we have
Vm <z /r. Namely, an M-type agent wishes to marry another M-type agent. Similarly, if an M-type agent
accepts an L-type agent (Var < zr/r), the middle- and L-type agents receive at least the same number of
offers. Then, an L-type agent also wants to marry another L-type agent.
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Vi (bML) = bﬂL (.CUM) [a)\ﬂ (:UTM — Vw (bML)) + a)‘L (max{— bML } Vi bML )]
+birr (2r) [aAF; (Vi (br) = Vi (barr)) + aXE (max {25, Vi, (barr) } = Vi (burr)) ]
(39)
T‘Vw (bL> = Oé)\zl (mTL — Vw (bL)) . (40)

The first term in the second square bracket in Equation (39) means that, if the actual type
of a kprr-type woman is an L-type, she learns that she is an L-type by meeting an M-type
man. She then changes her value function to (40) because she is accepted by an L-type man.

From (39) and (40), the reservation level of a kpsr-type woman for an L-type man is

P _ )\’A’}IazM(rJra)\T)(bﬁL(xM))
Ry (bur) = r(rraXp+arfy ) +a2 NPT (b8 (@)

Compared to the benchmark case, we have

rAT QT AL (r+a/\2”+a/\TA'}[)(1—(bf/[L(xM)))

P % - _
Rw (bML) Rw (xM) (r—&-oz)\}\"/f)(r(r—i—a)\’f—i—a)\}\"/f)—f—aZ)\T)\Am/[ (biIL (wM)))

< 0.

On the other hand, the reservation level of a krps-type woman for an M-type man can be

calculated as follows. The expected discounted lifetime utility of a kgras-type woman becomes

Vi (bHM) = bHM xH [Oz)\m ( po bHM)) + OZ/\M (max{ ,Vw (bHM)} —Vu (bHM))]
—I—bHM (:L’M) [a)\an (Vw (bM) —Vu (bHM)) + Oz)\ﬁ (max {:CTM, Vi (bHM)} —Vu (bHMI}I]ID
PV (bar) = aXTy (2 — V,, (bar)) - (42)

T

The first term in the second square bracket in (41) implies that, if the actual type of a
kma-type woman is the M-type, she learns that she is an M-type after a meeting with an
H-type man. She then changes her value function to (42) as M-type men accept M-type
women.

Therefore, the reservation level of a kga/-type woman for an M-type man is

P - Apazy (r+aXiy ) (b 4 (za))
Rw (bHM) = T(r+a)\g+a)f]\'}[)+a2)\7ﬁ)\?}(bgM(iEH)) .

Compared to the benchmark case, we have

P « . r)\“H“”amH(rJra)\nga)\T/[)(lf(bPI;M(mH)))
Rw (bHM) o Rw (xH) - (7"+a)\’H”)(r2+ra)\”H1+Ta)\T/[+a2)\’ﬁ)\’]\'}[(b§M(«TH))) <0

Given the strategies of all agents except ko-type women, we can obtain the lifetime utility

of a kog-type woman. The expected discounted lifetime utility of a kg-type woman becomes
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Vi (bo) = b (zp) (@A (B2 =V, (bo)) + oAy (max {ZL,V,, (brar) } — Vi (bo)) ]
+08 (2ar) [N (Vo (barr) — Vi (bo)) + @Ay (max {Z2 Vi, (bgar) } — Vi (bo))]
+b3 (21) [aXf (Vi (barz) — Vo (b)) + @5y (Vi (br) — Vi (o)) (43)

The third term in the first (or the second) square bracket in Equation (43) means that, if
a ko-type woman is actually the H- (or M-) type and if she rejects an M-type man, she
learns that she is the H- or the M-type after meeting an M-type man. She then changes her
optimal strategy to RE (bgas). On the other hand, if a ko-type woman is actually the H- (or
M-) type and if a ko-type woman accepts an M-type man, the third term in the first (or the
second) square bracket in Equation (43) becomes *.

Therefore, the reservation level of a ko-type woman for an M-type man is
RE (bo) = RE (bgar) > (<) .

If RE (bg) > (<) xp, a ko-type woman rejects (accepts) an M-type man.

From (20) and (21), b]\f} (zar) = XY (NPT X (XA )

P
ATXE (NG ) AR (AT +X77) and by (vr) = 35 W (AT ) HATAY,
hold in steady state.l

Proof of Lemma 3: As an M-type man accepts an L-type woman, an Mys-type
woman and an Lj,;7-type woman face the same problem. They decide whether to accept or

not L-type men. Therefore, the value function of a kysp-type (k = M, L) woman is
™V (burn) = @iy (%24 — Vi (b)) + @A (max {55, Vi (barr) } — Vi (bur)) - (44)

Therefore, the reservation level of a kjsr-type woman for an L-type man is

AV

T1
b
Ry (bur) T+ aA

As zp < R: (wp), v < RE (bpsr) holds. Hence, a kjr-type woman turns down an L-type
man.

Given the strategies of all agents except a ko-type woman, we can obtain the lifetime
utility of a ko-type (k = H, M, L) woman. As an M-type man accepts an L-type woman, an
Mp-type woman and an Lop-type woman face the same problem. Then, the value function of

a ko-type woman is

™V (o) = " (zm) [N (B2 — Vi, (bo)) + ey (max {ZL,V,, (bo)} — Vi bo))]
+ (1= 0" (zm)) [aXF (Vi (barr) — Vi (bo)) + aXfy (max {22,V (bo) } — Vi (bol)h)

The second term in Equation (45) means that, if the actual type of a kg-type woman is the
M- or L-type, she becomes a kjsr-type woman after meeting an H-type man. She then
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changes her optimal strategy to Rfjl (byr) > xp.

Therefore, the reservation level of a kg-type woman for an M-type man is

Njox g (r+aATA’2)bgl (zg)
r(r+a)\’;11+a)\71\’}[)+a2)\”ﬁ)\ﬁbgl (zg)’

RE! (bo)

Compared to the benchmark case, we have

(r/\TH"awH (r—&-a)\}f}—&-a)\;\r}[))(l—bgl(z}[))

(r+aXT ) (r2+raX+raXyy+a? AFAT L (2 ) <0.

Ry (bo) — Ry, (zh) = —

A (ABHAT)
NENE AT

From (25), b3t (zp) = holds in the Type 1.1

Proof of Lemma 4: We can consider the following three cases for the pessimistic
behavior of a woman with imperfect self-knowledge: (I) an Mj,r-type woman accepts an
L-type man; (II) an Hop- or Hyp-type woman rejects an L-type man; and (III) a ko- or
kga-type (k= H, M) woman accepts an L-type man.

First, we consider the case of (I). Let us assume that kysr-type (k = M, L) women accept
L-type men. Furthermore, because there are enough pessimistic Mp;r-type women for an
L-type man, L-type men reject L-type women. From R (xg) > xpr, H-type men reject
M-type women. In addition, to clear the influence of pessimism, we assume that M-type
men reject L-type women.

Given the strategies of all men, the expected discounted lifetime utility of a kjrr-type

woman can be written as

TV (bML) = by (.CL‘M) [Oé)\nj\}[ (xTM —Vu (bML)) + CY)\T (max {%, Vi (bM)} —Vu (bML))]
+bur (wr) [o (AR + AT) (0 — Vi (bar))] -

As Ry, (byr) = Ry, (xpr) > 21, ©5 < Vi (bar). That is, a kpsr-type woman rejects an L-type
man when he rejects an L-type woman. This contradicts the assumption that an My, -type
woman accepts an L-type man. Therefore, even if there are enough My -type women who
accept L-type men, an L-type man always accepts an L-type woman.

Next, we consider the case of (II). Let us assume that M-type men reject M-type
women because there are enough pessimistic Hyp-type women who accept M-type men. From
R (xg) > xp, H-type men reject M-type women. At this time, from (5), the expected

discounted lifetime utility of a ko-type woman can be written as

A\ (’ETH —Vy (bo)) + a\; (max {‘TTM, Vi (bH)} -V (bO))

+a X[ (Vo (Oua at, (o)) — Vao (b0))
+bo (@ar) [ (NF + AT7) (Vi (barr) = Vi (80)) + aAT (Vi (Brf(a -ty (aar))) — Vo (b0))]
+bo (xz) [a (N + ARp) (Vi (0rrL) — Vi (b0)) + @AL' (Vi (Bij(apat, (1)) — Ve (00))] -

TVw (bo) = bo (a:H)

34

where V,, (bl\(:cLyaEn(zk))) depends on the strategy of an L-type man.°* However, from the

341f an L-type man rejects an L-type woman, then
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above equation, learning by the action of an L-type man does not affect her decision regarding
whether to accept or not an M-type man. Therefore, the problem, whether a ko-type woman
accepts an M-type man or not, reduces to the comparison between *2 and Vi, (brr).%® As
ry < R (vp), 24 <V (bg) =V (zh), i.e., a ky-type woman rejects an M-type man. This
contradicts the assumption that a kg-type woman accepts an M-type man.

Similarly, let us assume that M-type men reject M-type women because there are enough
pessimistic Hgps-type women for an M-type man. In this case, L-type men reject L-type
women and accept M-type women. Otherwise, there are no kgps/-women in the market. The

expected discounted lifetime utility of an Hpps-type woman becomes

T‘Vw (bHM) = bHM (.’L‘H) [a)\g (ITH - Vw (bHM)) + Oé)\T]\r/L[ (max {ITM, Vw (bH)} — Vw (bHM))]
+bam (xm) [a (g + ARp) (Vi (0ar) = Vi (brr))] -

Therefore, the decision of a kg j/-type woman is the same as that of a ko-type woman. Hence,
a kgp-type woman rejects an M-type man. However, this contradicts the assumption that
a kgp-type woman accepts an M-type man. Therefore, when there are pessimistic Hy- or
Hyy-type women who accept M-type men, M-type men always accept M-type women.

Finally, we consider the case of (III). Let us assume that ko-type women accept L-type
men. Furthermore, L-type men reject L-type women because there are enough pessimistic
ko-type (k = H, M) women for an L-type man. From R} (xg) > xps, H-type men reject
M-type women. From the results in the case of (II), M-type men always accept M-type
women even if there are enough pessimistic Hy-type women.? Because L-type men reject
L-type women, M-type men also reject L-type women.

At this time, the expected discounted lifetime utility of a kg-type woman can be written

as

TVw (bo) = bo (ZL‘H)

O (22— Vi (0) + Ay (5 — Ve (o) ]

+bo () [ (
+bo (z1) [@NF (Viw (barr) — Vaw (bo)) + o (N + ATY) (0 — Vi (bo))] -

Therefore, the problem, whether a ko-type woman accepts an L-type man or not, reduces

to the comparison between & and Vi, (bmar). The expected discounted lifetime utility of a

Vo (bl‘(%%(m)) :{ Vi (bunr)  if (22,0l (z1)) = (21, 0)

0 if (a:L,afn (xk)) = (x[,,af)
If an L-type man accepts an L-type woman, then V,, (b”(”@%(%))) = Vi (bo).

35In the above equation, the number of terms in the case where a ko-type woman accepts an M-type man
equals that of terms in the case where a ko-type woman rejects an M-type man because V (bg) # V (bo) .
30 M-type men know their own types. Hence, their decisions are the same as those in the case of (II).
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kma-type woman can be written as

a)\m (ﬂLH _

1 M) + aXfy (B4 — Vi (brnr)) ]

+aA\] (max{ s Vi (b M)} — Vo (banr))

oy (Vi (bar) — (bHM)) + ey (% = Vi (br))
a7 (max {Z&, Vi, (b)) } — Vio (brr))

Vi (bam) = bay (xH)

+brn () [

Hence, we have

Ao pp (T—i—a)\mb(acM)—l—a)\m )—i—)\H aryg (7‘+a/\TA'}I)b(a:H)
(r+a>\m )(r-i-oz)\ +aAly )

= Ry (ban) -

From R} (xp) < zp

b(ay)(reg+odf (zp—2y))

B (brar) = oy (@ar) = 0N =y g+t )

> 0.

As R! (xpr) > xp, Ry (bgar) > xp. Therefore, a kia- and ko-type woman always rejects
an L-type man. This contradicts the assumption that a kg- or kgas-type woman accepts
an L-type man when an L-type man rejects an L-type woman. Therefore, when there are
pessimistic ko- or kgar-type women who accept L-type men, L-type men always accept L-type

women.Hll

Proof of Lemma 5: From Lemma 4, M- (L-)type men always accept M- (L-)type
women, even if there are many H- (H- or M-)type women with imperfect self-knowledge,
who accept M- (L-)type men. Moreover, H-type men always reject M-type women from
R} (xg) > xp. Therefore, we only have to consider the following cases: (i) M-type men
accept L-type women, and (ii) M-type men accept M-type women, and L-type men accept
L-type women.

When a ko-type woman rejects an M-type man, the case of (i) is the same as Lemma
3. At this time, learning occurs only when H-type men reject M- or L-type women. As a
ks r-type woman accepts an M-type man, RL! (bo) > xp > RLY (byrr) = RY (2ar). Hence,
the rejection from an H-type man decreases the reservation level of a woman with imperfect
self-knowledge.

Next, we investigate the case of (ii). At this time, RE (byrr) < RE (war) = Ry (bar) <
RE (bgar) = RE (bg) holds because this case is the same as the case in Lemma 2. Therefore,
a rejection from a man decreases the reservation utility level of the woman with imperfect

self-knowledge.

Proof of Lemma 6: As RT2(x,;) > xr, the information about types of women from
the proposals by men and the learning processes of women are the same as those in the PSEI.
Hence, the reservation levels of women are obtained in the same manner as those in the PSEI:

Ao g (r+a)\TL")b7]\;12L (zar)
r(r+aXT+aA s )+ XPAT T2, (2ar)

RI? (bar) < R (zm) = RL? (b)),
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Ao g (r—&-a/\ﬂ)bg%w (zmH)
r(r+aX+aAT; )+ AT VTR (zh)

R,? (bru) = Ry (bo) = (< Ry (xm))-

ATNY (ATHATY)
NN (ANFAXGNT AN ) AT (AT 4Ny

hold in the Type 2.1

From (36) and (37), b1 (vp) =

A AR+ (AR ) A7 +23%))
ABNE (AT ) (AT ) (NG +AY)

) and bE2, (zg) =

Appendix B

Two types In this paper, we assume not two but three types of agents in order to show
the influence of the indirect externality of optimism on the market. If we consider two types
of agents in the case of optimism, the indirect externality does not occur, and we cannot find
a case in which the indirect externality of optimism prevents the lowest type of agents from
marrying. To see this, now, let us assume two types of agents: good and bad. Let us assume
that, when all agents have perfect self-knowledge, the PSE occurs. To describe the optimism,
let us assume that ig-type women (i = g,b) reject bad-type men. Therefore, there are two
kinds of bad-type women with respect to differences in their beliefs: bad-type women who are
optimistic and bad-type women who know their own types. However, good-type men do not
change their reservation utility levels relative to the case of perfect self-knowledge because
all women want to marry them. Then, the indirect externality of optimism does not occur.
Hence, bad-type men always marry bad-type women with perfect self-knowledge.

On the other hand, in the case of pessimism with two types of agents, we obtain, qual-
itatively, the same results as those of Lemma 4 and Proposition 4. That is, the indirect

externality of pessimism does not occur, and, as a result, all agents can then marry.

The assumption of optimism We adopt the assumption that a kg-type woman rejects
an M-type man in the optimism case because we focus on the case in which M-type women
are optimistic in order to show that the indirect externality of optimism affects the marriage
behaviors of lower-type agents.

If ko-type women accept M-type men (or reject L-type men), all agents can marry. To
see this, let us assume that kg-type women accept M-type men. At this time, Lo-type women
are optimistic, and Hy-type women are pessimistic. The pessimism of Hy-type women does
not change the actions of M-type men for the same reason as in Lemma 4. Moreover, the
indirect externality of optimism by L-type women does not arise, similarly to that in two
types of agents.

Let us consider another optimism case in which because there are enough Mg a/-type
women who reject M-type men, M-type men accept L-type women. However, this case does
not arise. This is because the existence of Mgy/-type women requires that an M- or L-type

man rejects an L-type woman (now, H-type men reject M-type women as zp; < R} (zp)).

Benchmark case In our analysis, we consider the case in which z); < R} (xy) and

xr, < R} (zpr) (i = m,w) hold as the benchmark case. If we consider the case in which
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xy > Rf (vp) and 2, < R (zpr) hold as the benchmark case, the result is the same as the
case of the two types. Thus, the indirect externality of optimism does not occur. To see
this, let us define the next situation as a benchmark case: if all agents know their own types
perfectly, zps > R} (xg) and x, < R} (xpr) hold. Let us assume that, under z)s > RY (zp)
and x;, < R! (zpy), ko-type women reject M-type men, and then M-type men accept L-
type women due to the rejections from My-type women. That is, the indirect externality of
optimism occurs. However, the reservation level of a ko-type woman is always lower than
R} (xpr) because she assigns probabilities to her own types, similarly to the case of Lemma
2. This contradicts the assumption that, under xps > R} (zg) and x, < R} (), ko-type
women reject M-type men. Therefore, when zy; > R} (xg) and xp < R} (), ko-type
women always accept M-type men.?”

Under zpr < R} (xg) and x1, > R} (xp), the indirect externality of optimism does not
occur. When z); < R} (zg) and x5, > R} (xp), there are few enough M-type agents.
Therefore, even if there are some M-type women who reject M-type men due to imperfect
self-knowledge, M-type men do not change their actions: they accept L-type women. Now,
because there are few enough M-type men (zr > R! (zpr)), some L-type women (at least,
the L-type women who were rejected by H-type men) always accept L-type men. Therefore,

in this case, the indirect externality of optimism does not occur.?®

Appendix C—welfare and the number of marriages

In this section, we investigate whether the existence of women with imperfect self-knowledge
improves the welfare of the economy relative to the benchmark case. To do so, let us examine
the overall number of marriages and the overall welfare from new marriages that take place
in the marriage market at any point in time.

First, we investigate the number of marriages at the PSE as a benchmark. In the PSE,
an H-type man meets an H-type woman with probability aAy, and there are A%; /N number
of H-type men in the market. Then, the number of marriages among H-type agents is
aAXgAGN. In the same way, we obtain the number of marriages of M-type aAj; Ay, N and

L-type aAFAT'N. Therefore, the overall number of marriages in the marriage market 7™ is

T* = ANEXSN + aAXTAYN + aXPAYN. (46)

37The assumption of xar > R} (zm), @ = m,w means that there are a few H-type men and women in the
market. If xpr > R} (zm) and zr. < R; (zm), any H-type woman accepts an M-type man. In this case, even
if H-type women with imperfect self-knowledge accept M-type men, the behavior of these women is the same
as that of the H-type with perfect self-knowledge. Then, an M-type man does not change his behavior: he
accepts an M-type woman. If some M-type women with imperfect self-knowledge accept L-type men under
zm > Ri (zm) and 2 < R} (xam), the indirect externality of pessimism does not occur in a steady state for
the same reason as in Lemma 4 qualitatively.

3When zy < R} (zg) and zr > R} (), the following cases of pessimism can be considered. If H-type
women with imperfect knowledge accept M-type men under zy < Rj (xg) and zz > Rj (zum), the indirect
externality of pessimism does not occur for the same reason as Lemma 4. If M-type women with imperfect
knowledge accept L-type men under zy < Rj (zm) and zr > R; (zm), L-type men do not change their
behavior: they accept L-type women. Then, in this case, there is no influence of the pessimism of M-type
women.

36



GRIPS Policy Research Center Discussion Paper : 10-26

The number of marriages in the PSEI (T?), the Type 1 (TTl), and the Type 2 (TTQ) can

be derived similarly (see also Figure 1-3). Therefore, we obtain

TP = AAPAUN + o (ﬁ) WATN 1 (%) AUNTN, (47)
TTH = AATAYN + (ﬁ) mAYN 4 o (%) mAWN, (48)
and
T2 my\w A% mo\w
T —O[)\H HN+a(A§+(X}}+AﬁH)(AT+>\ﬁ)> M MN
()‘ZIL)Z w \m m m myw
ta <A§+(An&+)\?)()\g+)\%) AALN +a (Xg + Afp) AL ALN. (49)

Next, we explore overall welfare. If an H-type man marries an H-type woman, each of
them obtains the utility of marriage xp. Hence, the aggregation of H-type agents’ utilities
from marriage is 2aAGAFeg N in the PSE. Similarly, we obtain 2aXy;Ay;xpm N for the M-
type and 2aAT' APz N for the L-type. As a result, the welfare in the PSE (W*) is

W* = algAg 2rg) N + aXN[pAy 2xar) N + oA AY (221) N. (50)

The welfare in the PSEI (WP), the Type 1 (WTl), and the Type 2 (WTQ) can be derived
similarly. Hence
W = aABNY (205) N

+a (ﬁ) mAY (220) N + a (ﬁ) MAY (23 + 21) N, (52)
and
T2 __ myw i moyw
W = adpA\y 2ep) N + o <>\g+(>\’g+>\”5)(/\gl+>\7\})> WA 2xar) N
(Aan)Q w ym m m myw

hold. From these equations, the next lemma is immediately obtained.

Proposition 5 The number of marriages and the welfare in the PSE are higher than those
in the PSEIL i.e., T* > TP and W* > WP, respectively.

Proof. From (46) and (47),
T* TP = N (1 (1 +16)) \yA%y + (1= (1 + 0)) NPAE) > 0
holds. From (50) and (51), we also have
WP —W?* = =ApAfar (1= (5 +vy)) = ApAyza (1= (1 +79)) <O0.
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From Proposition 5, the welfare and the number of marriages in the PSEI are lower than
those in the PSE under any F;(z), ¢ = m,w. This is because the marriages of all agents,
except those of H-type men and some H-type women who meet H-type men in their first
encounter, are delayed due to the refusals by the women who are learning their own types.3?
As aresult, their marriages decrease, and the overall welfare then decreases. From Proposition
5, in the PSEI, the policy that promotes women’s learning can improve the overall welfare.

On the other hand, the comparisons of the overall welfare and the overall number of
marriages between the PSE and Type 1 are ambiguous.

The comparisons of the overall welfare and the overall number of marriages between the
PSE and the Type 2 are also ambiguous.

It is noteworthy that, in both the Type 1 and the Type 2, the number of marriages and
the welfare of H-type men or women are not influenced by the imperfect self-knowledge of
women.

Finally, we compare the number of marriages and the welfare in the PSEI with those in
the Type 2. As we show in Example 1, the PSEI and the Type 2 hold in some parameter
ranges.

Example 2 Let us assume that \} = %, (i =m,w, k= H,M,L). At this time, the number
of marriages in the PSE, the PSEI, and the Type 2 are T* = %Na, TP = %Na, and TT?
= %Noz, respectively, from (46), (47), and (49). Then, T* > TT? > TP. The welfare of
marriages in the PSE, the PSEI, and the Type 2 is W* = %Noz(mH +xr + xp), WP =
sNa(2zg + z + zy), and WT? = L Na(42zy + 31z, + 21zpy), respectively, from (50),

189
(51), and (53). Hence, W* > WT2 > WP,

When 3a > 2r and F,, (z) and F, (z) are discrete uniform distributions, multiple equilib-
ria arise. At this time, the PSEI and the Type 2 are not Pareto-rankable; pessimistic women
prefer the PSEI, and L-type men prefer the Type 2. However, because pessimistic women
accept M- and L-type men in the Type 2, the overall number of marriages in the Type 2
increases relative to that in the PSEI. As a result, the overall welfare in the Type 2 also
increases relative to that in the PSEI. However, because /\fC = %, the welfare and the number
of marriages in the PSE are larger than those in the Type 2. Then, in the Type 2, the policy
that informs pessimistic women of their own types can improve the overall welfare when /\f€
= % (i =m,w, k=H,M,L).

39The duration until marriage of each agent can be obtained easily. In the PSE, the duration until marriage
of k-type man (woman) is — (i = m,w, k = H, M, L). However, in the PSEI, the duration until marriage

a\t
) L AT AT . ampam )
of an M-type man is T H}\,ﬁ, M that of an L-type man is a7 L}\}&,M, that of an Hym-type woman is

that of an Mp-type woman is ——m—m—w, that of an

that of an Mpr-type woman is T aAT aATT

1

AT T and that of an Lpe-type woman is
H M L

delayed by the learning process of women.

1
AN G NTT
Ao

Ly:1-type woman is Therefore, their marriages are

1
QAT
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Figure 1: P.S.E. with imperfect knowledge
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Figure 3: Type 2 equilibrium
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