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Abstract

We obtain a novel analytic expression of the likelihood for a stationary inverse gamma
Stochastic Volatility (SV) model. This allows us to obtain the Maximum Likelihood Estima-
tor for this non linear non Gaussian state space model. Further, we obtain both the filtering
and smoothing distributions for the inverse volatilities as mixtures of gammas and therefore
we can provide the smoothed estimates of the volatility. We show that by integrating out
the volatilities the model that we obtain has the resemblance of a GARCH in the sense that
the formulas are similar, which simplifies computations significantly. The model allows for
fat tails in the observed data. We provide empirical applications using exchange rates data
for 7 currencies and quarterly inflation data for four countries. We find that the empirical
fit of our proposed model is overall better than alternative models for 4 countries currency

data and for 2 countries inflation data.
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1 Introduction

For most non-linear or non-Gaussian state space models it is difficult to obtain the likelihood
function in closed form. This prevents the use of Maximum Likelihood Estimation (MLE).
As a result most studies use Bayesian estimation with Markov Chain Monte Carlo (MCMC)
methods. Generalized Autoregressive Conditional Heteroscedasticity (GARCH) models are
simpler to estimate than Stochastic Volatility (SV) models, because the likelihood for a
GARCH model can be easily calculated in closed form (e.g. Engle (1982), Bollerslev (1986)).
However, SV models have often been found to outperform GARCH models in empirical
studies for both macroeconomic and financial data (e.g. Chan & Grant (2016) and Kim
et al. (1998)). In addition, unlike GARCH models, SV models provide not only filtered
estimates but also smoothed estimates of the volatility.

Although in linear Gaussian state space models the likelihood is available in closed form
and can easily be calculated with the Kalman Filter algorithm (e.g. Durbin and Koopman
(2012)), few studies have attempted to obtain a closed form expression for the likelihood in
nonlinear non-Gaussian state space models. Shephard (1994) obtains a closed form expres-
sion for the likelihood of a non-stationary SV model known as Local Scale Model, showing
the similarities to GARCH models. Uhlig (1997) builds on and generalizes Shephard (1994)
to the multivariate case, obtaining an analytic expression for the likelihood and posterior
density of a SV non-stationary restricted singular Wishart model. This was incorporated
into the MLE framework by Kim (2014) and extended to drifting vector autoregression coef-
ficients with MLE estimation by Moura and Noriller (2019). Creal (2017) obtains an analytic
expression for the likelihood in a SV gamma model and shows that analytic expressions for
the likelihood could also be obtained for a family of non linear non Gaussian state space
models. The gamma SV model in Creal (2017) implies a variance-gamma distribution for
the data and this distribution has thin tails (Madan & Seneta, 1990). In contrast, inverse
gamma SV models imply a student-t distribution, thus, they can account for the fat tails
that are observed in most macroeconomic and financial data (Leon-Gonzalez, 2019).

The purpose of this study is to obtain an analytic expression of the likelihood for the
inverse gamma SV model. This is a model in which the variance of the error term follows
an autocorrelated stochastic process with inverse gamma marginals, implying a student-t
distribution for the observed data. The exact likelihood solution will allow the estimation
of the parameters and unobserved states for this non linear and non Gaussian state space
model by MLE. Without the likelihood expression, estimation of non linear non Gaussian

state space models generally involves Bayesian methods such as Markov Chain Monte Carlo.



We show that by marginalising out the volatilities, the model that we obtain has the resem-
blance of a GARCH in the sense that the formulas that we get are similar, which simplifies
computations significantly. Moreover, the likelihood function proposed in this paper can be
calculated efficiently using a simple recursion. The calculations can be accelerated by doing
computations in parallel, as well as by applying Euler or other acceleration techniques to
the Gauss hypergeometric functions in the likelihood. In addition to obtaining the exact
likelihood, we obtain analytically the expressions for the smoothed and filtered estimates of
the volatilities. We provide the computer code to calculate the likelihood as a user-friendly
R package (called invgamstochvol).

Section 2 reviews the literature on previous attempts to obtain analytically the likelihood
expressions for non linear non Gaussian state space models. Section 3 describes our model
and derives the analytic expression of the likelihood. In addition the section provides the
analytic expressions for the filtering and smoothing distributions of the volatilities. Section
4 evaluates the empirical performance and computational efficiency of the proposed novel
algorithm with a comparison to other methods. We provide empirical applications using
exchange rates data for 7 currencies to the US dollar and quarterly inflation data for four

countries. Section 5 concludes.

2 Literature Review

2.1 Stochastic Volatility Models with an Exact Likelihood

There are very few non linear non Gaussian state space models for which the likelihood can
be obtained exactly. In what follows we review some of the SV models for which an analytic
expression of the likelihood has been obtained.

To obtain the maximum likelihood estimates for a generalised non stationary local scale
model, Shephard (1994) uses the conjugacy between the gamma and the beta distribution.

Using our notation, their model for a univariate observed variable y; can be expressed as:
_1
Y=+ 0, 2, e ~ N(0,1)

where z; is a vector of predetermined variables which could include lags of y;, and the inverse

of 6, is the time varying volatility. The law of motion for the volatilities is:

Vi

9t+1 = 9t \

vy ~ Beta(ay, as) (2.1)
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with ap = 5 . The initial distribution is a gamma with parameters v and Sy such that 60,

has the following density function:
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where for mathematical convenience the initial density is restricted such that ay = 5. The
parameters to be estimated are 3, v, A and S;. Note that, in contrast with the other models
in this paper, the volatility follows a non-stationary process. As shown in subsection 6.6
of the Appendix, defining Z = 6, — A0y for € (0,00), the likelihood for this model can be
obtained by integrating over the state variable Z. Given that the process for the stochastic

volatility is multiplicative, the likelihood is as follows:

T(Yelyr:e-1) = F(?(;;@) Ao (Sgl)al \/127 (2 ((yt —,6)? + S%) _1) - (2.3)

-1 . .
where S; = ((yt_l —x18)%+ St:) % and y1.4—1 = (Y1, Y2, ..., yt—1). To facilitate the reading

here and in the following we do not write explicitly x; as a conditioning argument.
The framework in Shephard (1994) provides a formal justification to Bayesian methods
of variance discounting used in earlier literature (West & Harrison (2006), p.p. 360-361).
Creal (2017) shows that closed form solutions for the likelihood can be obtained for a
family of non linear state space models with observation densities p(y;|h:, z4;6), in which the
continuous valued time varying state variable h; can be analytically integrated out condition-
ally on a discrete auxiliary variable z;. x; in these models are the predetermined regressors

and 0 is a parameter vector. The models in this class are defined as follows:

Yy p(yt|ht,xt;9)

hy «~ Gamma(v + 2, ¢)

hi_
2 mPoisson(¢ L 1)

C

where ¢ is a scale parameter and ¢ determines the persistence of the state variable. For
example Creal (2017) provides the following two alternative sufficient conditions for being

able to integrate analytically these densities conditional on z;:

p(heloa, ag, ag) o< bt exp(aghy + Oégh;l)
p(helan, ag, az) oc byt (1 + hy)** exp(ashy)



where ay.3 are functions of only the observations and parameters of the model. Thus, the
contribution to the likelihood of one observation conditional on z; can be obtained by inte-
grating out the continuous state variables h; analytically. The model that is obtained after
integration simplifies to a Markov Switching model over the support of the non-negative
discrete state variables z;. The likelihood for these Markov Switching models can therefore
be obtained recursively. Creal (2017) gives the detailed recursive formulas to obtain the like-
lihood for some specific models within this family, such as the gamma stochastic volatility
models, stochastic duration models, stochastic count models and cox processes.

The gamma SV model by Creal (2017) can be expressed as follows:

yt:M+xtﬂ+79t+\/0_teta e ~ N(0,1)

where v determines the skewness. When v = 0 the model implies a variance-gamma distri-
bution for the observed variable, which has thin tails (Madan & Seneta, 1990). The initial

stationary distribution is 6; « Gamma(u, l%aﬁ) and the unconditional mean is E(f;) =

¢
More recently Sundararajan & Barreto-Souza (2023) propose a composite likelihood ap-

proach for the no-leverage version of the same model that we analyze in this paper, and
which was estimated with Bayesian methods earlier by Leon-Gonzalez (2019). While they
do not obtain the MLE as we do, their approach uses an expectation maximization algorithm

to find the maximum of the composite likelihood, albeit with some restrictions.

3 Model Specification, Likelihood and Volatility Esti-

mates

The model that we analyze is the same as in Leon-Gonzalez (2019), and assumes that the
distribution of the one dimensional ¥, conditional on an observed predetermined vector of

regressors x; can be described as follows:

1
= x e etlky ~ N0, — 3.1
yt IU/+ t/8+ ty t| t < ’ktB2) ( )
where 3 is a conformable vector of coefficients, ;1 and B? are scalar parameters and e; is
i.i.d. stationary and independent of z;. Although equation (3.1) does not include a leverage
effect, Appendix 6.7 provides the analysis for the model that includes it. The regressors x; are

assumed to be stationary or trend-stationary. The state variable k; follows an autoregressive



Gamma process (Gouriéroux & Jasiak, 2006) which can be described by writing k; = 2z,

where z; is a n x 1 vector that has the following Gaussian AR(1) representation:
2 = pz1+ & g, ~ N(0,60%L,) (3.2)

where p is a scalar that controls the persistence of the volatility, with |p| < 1 and &; is i.i.d.

and stationary. The stationary and initial distribution of the time varying inverse volatility
262
2 1=p?
have that E(T}Eﬁ) = E(Var(et|k:)) = g2, provided that n > 2, where as a normalization

k; is a gamma with n degrees of freedom, such that k; « Gamma(n/ 2, ) Therefore we

.
we assume 6% = 1 because we have B? in (3.1). For 0 < n < 2 the model is well-defined but
the volatility does not have a finite mean. The conditional distribution of k;|k;_; is a non
central chi-squared times a parameter constant that can be written as a mixture of gammas.
The noncentral chi squared is well defined for non-integer values of n, so we will treat the
unknown parameter n as a continuous parameter.

Then, given the properties of a gamma, the conditional mean of the inverse volatility k;
given previous history of k; is a weighted average of the unconditional mean of k; and its
previous value k;_q.

E(kilki-1) = pPhe1 + (1 = p*) E(ky)

where p?k,_, represents the non centrality parameter. k, is correlated with its previous
value and this generates the persistence in the squared residuals, a characteristic feature of
time-varying variance models.

In the absence of leverage effects, the first two unconditional moments of y;|z; have been
given in analytical form by Sundararajan and Barreto-Souza (2023), who also provide L(y;)
and L(y¢|y:—s), which can be used for composite likelihoods. We extend these results to the
model with a leverage effect in Appendix 6.7.

The inverse gamma specification implies a student-t distribution with n degrees of free-
dom for y; thus enabling us to model heavy tailed distributions. In contrast, the gamma
SV model (Creal, 2017) implies a variance-gamma distribution, which has thin tails (Madan
& Seneta, 1990). The local scale model of Shephard (1994) is non-stationary, unlike ours
which is stationary. In addition, the local scale model requires a restriction on the initial
distribution for conjugacy (i.e. v = 2a).

In the literature log-volatility has often been modeled as a random walk model, and
it has been found that it provides a good approximation (e.g. Harvey et al. (1994)) and
that this model is closely related to the Exponential Weighted Moving Average (EWMA)



model implemented by RiskMetrics and described by Mina and Xiao (2001). Furthermore,
Eisenstat and Strachan (2016) compared the out-of-sample performance of stationary and
non-stationary versions of the log-normal SV model using predictive likelihoods with US
inflation data and concluded that both models had a similar performance.

Integrating out analytically the volatilities in our model not only allows us to get a closed
form expression for the likelihood, but also to see the similarity of our model to GARCH
models. In particular we can see that the variance at each point in time given previous data
is a (nonlinear) function of previous residuals. Using the filtering distributions in Section

3.2, we obtain the following:

o yi|ki ~ N(u+ x5, (B%k;)™!), where k; is a gamma. Therefore the first observation is

a student-t with n degrees of freedom.

e Similarly for the second observation ys|y1, ko ~ N(u + 2203, (B%ks)™!), where ky|y; is a

mixture of gammas. E(ks|y;) is a nonlinear function of past residuals.

e For any t, ys|ys1, ..., y1, ke ~ N(u+ 28, (B?k;) ™), where k;|y;_1, ..., y1 is a mixture of

gammas, whose expected value is a nonlinear function of all past residuals.

Thus, integrating out the volatilities gives a structure similar to GARCH models, but
with a different functional form and distribution. When the model includes a leverage effect
this structure remains, but as shown in the Appendix 6.7 instead of mixtures of gammas we

obtain mixtures of generalized inverse Gaussian distributions.

3.1 The Likelihood

The following proposition, whose proof is in Appendix 6.2, gives the likelihood for the model
described in equations (3.1)-(3.2). The model with a leverage effect is dealt with in Appendix
6.7.

Proposition 3.1. Lete; = yy—pu—a,0 fort = 1,...,T. The likelithood for the first observation

18:

w\:

Liy) = (27)-3VEBP2} (( )>\Bzf+vﬁ!

for the second is:

1 2% F(i) B2 2 1)7%“ ~
L(yaly) = (2m) 2V B*—= 2 i Co
2 I(3) (1-06)"%



for the third is:

L(ysly2, 1) = (2@‘%@1 i 5 (n+1+2h2) n+1+2h2 2? F(”?“)
3 ha=o *(B22+1)" 2F T(2)
for the fourth is:
,; (n+1+2h3) HHH% onst F(%
Hor) = eV h3zo Y (B 1) 2% I(2
and for any t > 3 is
(n+1+2ht 1) n+1+2ht e p(ns1

L(yt|y1:t71) (27T 7% \ - Ct 1Lht—1 n
htzlo (B2} +1) 2: T

where:

Vi=(1-p)"

‘72—1 _ Vl—l + BQe%
6y =p’ (Vs ' +p)"
Zy = (1+ B%3)7'4,

52,}@_M<2 (V + )" )Mi

[0/ 2], ho!
n41+2h\[(n+1)/2+holn, (1 5.\ 1 nt142hy
—(2
03 ,hs — };02 ,ha ( 9 ) [n/Q]h3 Sg h3|( S3) 2
1 1 1 nil nil
cgngl(“ L 53) (”+ )(1—p253>—3(253>‘5
2 2 2
A 1+ 2h 1
CtZQFl(n+ ;L tl,n;— ,;L ) for t > 2 and where hy =0

forT >t>3:
Se=(1+B% ., +p)"
V, =1+ B%?
Zy = (B%; +1)7'S,p?

5 — ((1 2SSt (T + p2>1)




and for T+1 >t > 4:

—~ = n4+14+2h;_ 1 2, ition,
€ = Z Ot_lvht—l(l - ngt)_ftlr (u) (25})%1

2
hi—1=0
6}5—1,]’14_1 =
> htfl n+14+2hy_o
- n+14+2h o\ [(n+1)/24 ko, (1, (28,_1)" 2
> Cion,T —p°Si—1
hi—2=0 2 [n/2]ht—1 2 ht—l!

and Sty1 = (1 + B?*e2)7!

The rising factorial is denoted as [z], and oF} denotes a hypergeometric function (e.g.
Muirhead (2005, p. 20)). There are a number of transformations to the o F} hypergeometric
functions above to accelerate their convergence. Abramowitz et al. (1988, p.559) defines

several transformations such as the Fuler transformation:
oFi(a,byc;2) = (1 — Z)C_a_b2F1(C —a,c—b;c; 2)

or a linear combination approach:

I'c)'(c—a—0b
o Fi(a,b;c;2) = FEC)—(CL)F(C— b§2F1(a’ bja+b—c+1;1—2)
I'(c)l b—
4+ (1 — z)ea? (c)0(a + C)gFl(c—a,c—b;c—a—b—l—1;1—2)

['(a)T'(b)
for (larg(l —2)| < m)

The expression for C; above transformed using the Euler transformation becomes:

N n+2+2hy_ 1 2h_ 1
Ci=01-2)" = 12F1(— %, —5; g;Zt) for t > 2 and where hy =0

In our coding we used the Euler acceleration only for (s and c3, because for larger values
of t the acceleration did not converge when h was large. Regarding the linear combination
approach, although we did not implement it in our code for the R package, the acceleration

converges. We accelerated the calculations by implementing parallel computing in the code.



This is possible because many of the coefficients in the series are the same for every t,
therefore they only need to be computed once, which can be done in parallel. We also
calculate all the €, in parallel. As shown in Section 4, this drastically reduces computation
time. The derivatives of the log-likelihood can be obtained as a byproduct of the likelihood
calculation.

After integrating out the volatilities, this likelihood can be calculated recursively starting
with g1, which is the first observation, to yr. This likelihood is easy to compute and it always
converges since |Z;| < 1 for all values of t. We truncate the number of terms to calculate the
hypergeometric functions to around 350 to ensure convergence, and the sums are truncated
at about h = 350. These truncation values seemed to be sufficient as explained in Table 1
in our application using inflation data.

Under some regularity conditions (e.g. Harvey (1990)) the MLE estimator is asymptot-
ically efficient with asymptotic distribution given by vT'(¢) — 1) AN (0, (I(x))™Y), where
I() is the Fisher information matrix, @E is the MLE estimator and 1 is the true value of
the parameter. In practice I(¢)) can be estimated as the negative of the Hessian of the log-
likelihood evaluated at the MLE estimator, from which standard errors can be obtained. The

likelihood can be maximised using standard routines such as the Newton-Raphson algorithm.

3.2 Joint Smoothing and Filtering Distributions

In this subsection, we provide the analytical expressions for both the joint smoothing and
filtering distributions for the volatilities. Appendix 6.7 deals with the model with a lever-
age effect. Propositions 3.2, 6.2 and 6.3 provide the smoothing distributions in alternative
forms. Propositions 3.2 and 6.3 give the conditional distributions m(k¢|k(41).7, y1.7), and
7(K¢|k1:e-1), y1.7), respectively, while Proposition 6.3 gives the marginals m(k:|yi.r). The
filtering distributions are stated after Proposition 3.2. Propositions 6.2, 6.3 and all proofs
are in the appendix.

All smoothing and filtering distributions of k; are mixtures of gammas, and so the corre-
sponding distributions of k;* are mixtures of inverse gammas. All these distributions can be
sampled from exactly, and therefore be used for simulating the volatilities and calculating

quantities of interest such as confidence intervals or the posterior median.

Proposition 3.2. The joint posterior distribution w(ki.r|yi.r) can be obtained from the

following conditional densities each of which is a mizxture of gammas:



1o 1 -
(ke ks yrr) o ke 2 exp ( - 55@@) > (Cinlke"), t=1,..,T
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1 1 1
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L= m 20, <4p 2)
Sy = (14 B?e)™!
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for3<t<T

Sy = (1+ B +p)7"

and for2 <t <T:

h _ 1 1 ht kht .

_ t+

Ctvh‘ - Z Otvh_ht [n/Q]h ( p > h '
ht=0 t

while fort =T, Cyj, = a,h, and where aﬁ has been defined in Proposition 3.1.

Regarding the filtering distributions, they were obtained in the proof of Proposition 3.1.

They are a mixture of gammas and the kernel is given by:

oo

n—2 1 ~
W(kt|yt—17yt—27 ~-~7yl) X |kt|T eXp ( - §k’t) Z (Ct,h|k5t|h), t=1,...,T

h=0

where the recursive constants are defined in Proposition 3.1.

4 Empirical Applications

4.1 Macroeconomic Data

In this section we compare the [G-SV model without leverage to other models in the literature
in an application to inflation data for the UK, Japan, Brazil and US (e.g. Stock and Watson
(2007) , Shephard (2015)). The data series were all sourced from the Federal Reserve Bank of
St Louis Fred database as the Consumer Price Index (CPI) data and inflation was constructed
using the following formula:

CPI, — CPI;_,

Inflation = CPI_. — % 100

10



The number of observations for each series were determined by availability of data. UK
data thus covers the period 1960Q2 to 2022Q1 and Japan data is obtained for the period
1960Q4 to 2022Q1. The US inflation data covers the period 1960Q1 to 2021Q4. Due to
unavailability of data for earlier years for Brazil we have observations for the period 1981Q1
to 2021Q4. y, is the level of inflation and x; contains a constant and 4 lags of y;. Therefore,
for each series we have 244, 242 244 and 160 observations, respectively, after constructing
the lags.

Figure 1 illustrates the quarterly inflation series for the four countries in levels. The
trend for the evolution of inflation for the US, UK and Japan in the early 1970’s and 1980’s

have slight similarities. However, in later years across all series, inflation evolves differently.
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Figure 1: Inflation Rates. The x-axis plots the dates that correspond to the end of each year for the
quarterly observations. The y-axis plots the Inflation Rates

Figure 2 shows the Ordinary Least Squares (OLS) residuals for the four countries over the

sample period, after regressing the level of inflation on its 4 lags and an intercept. Overall
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for all countries, volatility patterns exhibit some extreme values suggesting that models that
assume heavier tailed distributions might fit better and improve forecasting.

The spikes in volatility observed for Brazil inflation show that the series accumulates pe-
riods of consistent high volatility continuously. The graph also shows that we could consider
two regimes for Brazil: 1981Q1-1994Q3 (BR 1) and 1994Q4 - 2021Q4 (BR 2). In the first
regime average inflation was 65.31% whereas in the second regime it was 1.74%. Therefore,
in addition to estimating the models using the whole sample, we will also estimate the models

separately in each regime.

UK Japan
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Figure 2: Residuals Plots. The x-axis plots the time period. The y-axis plots the OLS Residuals
In the maximization algorithm, the initial values for the slope coefficients are equal to

12



the OLS estimates, and for the rest of the parameters we choose values such that the mean
volatility implied by the model equals that of the data. We truncate the calculation of
hypergeometric functions at 300 terms and we truncate h; in the likelihood at h; = 300 to

ensure convergence.

4.1.1 Smoothed Estimates of the Volatilities

Using the smoothing distributions we are able to obtain an estimate of the variance of e;
at each point of time given all available data: E(var(e;|k;)) = E(var(y:|xy, ki)), where the
expectation is with respect to the smoothing distribution of k; (i.e. 7(k¢|yi.r)). This is in
contrast to the commonly used GARCH MLE estimates, which can only provide the filtered
estimates of the variance: var(e:|yi.¢—1y). Figure 3 compares the MLE smoothed estimates
of the variance at each point in time for each country, to the moving average of the squared

OLS residuals obtained from 5 continuous squared residuals.

13
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Figure 3: Smoothed Estimates of the Volatilities. The red lines show the smoothed estimates of the
volatilities compared to the moving average of OLS squared residuals displayed in blue

The periods with high residuals coincide with periods of high estimated stochastic volatil-
ity each point in time for all the four countries. In particular for the US and UK the estimates
reflect the expectations for high volatility trends observed during periods such as the Great

recession and smaller peaks in volatility representing the covid recessions.
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4.1.2 Accuracy Check

We compare our novel algorithm to the Particle Filter to check the accuracy of our compu-
tations. Particle filters are commonly used in practice for calculating the likelihood function
(e.g. Kim et al. (1998)). Literature has it that they provide an unbiased estimate of the
likelihood (see e.g Moral (2004), proposition 7.4.1). We use the UK inflation data for this
exercise. Parameter values for both algorithms are set at the maximum likelihood estimates.
To evaluate each value of the likelihood we use the average of 110 independent replications
of the particle filter proposed in Chan et al. (2020). We set the number of particles to twice
the sample size T, that is each particle filter has T * 2 particles. We obtained 100 values
for the log-likelihood using this method and plot them in Figure 4 together with the value
provided by our algorithm.

The exact log likelihood estimate for the UK inflation data is -229.87. The figure shows
that the particle filter value for the log-likelihood goes above and below our exact value.

Therefore our solution seems accurate.
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Particle Filter vs Exact Value
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Figure 4: Particle Filter Estimates. The horizontal blue line represents the exact value obtained using
our novel algorithm. Small circles show the 100 log-likelihood estimates, each of which was obtained by
averaging 110 runs of the particle filter

4.1.3 Computational Efficiency

In order to calculate the likelihood, we need to truncate the number of terms that are added
for the hypergeometric functions (niter), and also we need to truncate h. For simplicity
we use the same truncation points for both. Table 1 shows the values of the log likelihood
obtained for several truncation values, using the MLE estimates for the parameter values
and the four datasets. The value of the log-likelihood remains stable at truncation points of
150 (Japan), 200 (US), 300 (UK) and 350 (Brazil).

Using a truncation point of 350, the computation time for one evaluation of the likelihood
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in seconds for the UK inflation dataset (7" = 244) is 0.24, 0.39, 0.72 and 2.60 when using 18,
8, 4, or just one computing thread, respectively. For the UK exchange rate dataset (T = 999)
that we use in Section 4.2 a truncation point of 350 was also adequate, and the computation
times for the same increase to 0.82, 1.42, 2.72, 10.07, respectively. The coding was done in

C++, linked to the R software and executed in a Ryzen threadripper 3970x processor.

Table 1: Likelihood at different truncation parameter values

UK Japan US Brazil

niter = h =100 -234.59 102.58 -124.61 -392.51
niter = h =150 -230.48 102.67 -124.58 -387.29
niter = h =200 -229.91 102.67 -124.57 -385.91
niter = h =300 -229.87 102.67 -124.57 -385.63
niter = h = 350 -229.87 102.67 -124.57 -385.62
niter = h =400 -229.87 102.67 -124.57 -385.62

4.1.4 Parameter Estimates and Model Comparison

Maximum likelihood parameter estimates are reported in Table 2 for our model using quar-
terly inflation data for the UK, Japan, US and Brazil and their standard errors in parenthesis.
Bo is the coefficient of the intercept while (31,4 are the coefficients of the lags. Throughout
the maximum likelihood estimation, we imposed the constraint 0 < p < 1 on the persistence

of volatility.
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The coefficients of the lags are mostly significant, and the estimates of p indicate high
persistence of the volatility in all countries. In all cases except BR and BR1, the estimated
values of n are bigger than 2, implying a finite value for the expected value of volatility. For

BR we have n = 0.7, and for BR 1 n = 0.95, implying that y; has very fat tails, similar to

Table 2: Inverse Gamma SV Model Maximum Likelihood Estimates

Parameter UK JP us BR BR 1 BR 2
B? 0.0653 2.2868 0.2845 0.0127 0.0027 0.1117
(0.0354) (1.2679) (0.1670) (0.0064) (0.0017) (0.1098)
p 0.9849 0.9734 0.9577 0.9964 0.9389 0.8894
(0.0091) (0.0159) (0.0252) (0.0048) (0.0650) (0.0897)
n 2.2527 2.0529 3.2136 0.7010 0.9484 5.2053
(0.6534) (0.4724) (0.8377) (0.1374) (0.2449) (2.5386)
Bo 0.1148 0.0053 0.1053  -0.1030  -1.1907 0.6535
(0.0492) (0.0078) (0.0418) (0.0810) (1.8766) (0.1187)
51 0.1256 0.0222 0.5772 1.0604 1.2897 0.6835
(0.0529) (0.0557) (0.0701) (0.0607) (0.0735) (0.0930)
B 0.1627 0.2592 0.0500 -0.4053 -0.2774 -0.1923
(0.0479) (0.0537) (0.0731) (0.0499) (0.0557) (0.0294)
B3 -0.1005 0.0247 0.3304 0.4889 0.0771 0.0412
(0.0483) (0.0517) (0.0719) (0.0924) (0.0442) (0.0099)
B4 0.6140 0.4291  -0.0747 -0.0652 0.0251 0.0092
(0.0485)  (0.0530) (0.0638) (0.0315) (0.0475) (0.0052)

those of a Cauchy distribution.

We compare the empirical performance of the following 7 models:

Except M5 all models are estimated by MLE. The model M5 is estimated using Bayesian
methods with the R package stochvol (Kastner (2016)), using the default non-informative
priors implemented in the package. For this model the value of the log-likelihood at the
posterior mean of parameters is evaluated by averaging 50 independent replications of a

bootstrap particle filter, with each particle filter having a number of particles equal to 60

: Homoscedastic and Gaussian
: Local scale model (Shephard (1994))
: Univariate GARCH(1,1) with normal errors (Bollerslev (1986))

: Univariate GARCH(1,1) with student t errors (Bollerslev (1987))
: Log Normal (LN) stochastic volatility (e.g. Kim et al. (1998))

: Gamma (G) stochastic volatility (Creal (2017))
M-

Inverse Gamma (IG) stochastic volatility
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times the sample size. The numerical standard error of the log-likelihood estimate was
smaller than 0.02 in all cases. Both the Gaussian and Student t GARCH are specified as
GARCH(1,1), thus they have 8 parameters and 9 parameters respectively given that we
have 4 lags and an intercept. The stochastic volatility models have 8 parameters except for
the gamma SV model which has an additional parameter for the skewness of volatility.

Table 3 reports the log likelihood values at the maximum likelihood estimates and Table
4 reports the values of the Bayesian Information Criterion (BIC, Schwarz 1978). As expected
the homoscedastic model is the worst of all models for all countries. In terms of the log-
likelihood the inverse gamma model is the best for the US, and the gamma SV model is the
best for the UK and Japan. For BR the GARCH(1,1) with student-t errors has the best
value of the log-likelihood, but when penalizing for the number of parameters using the BIC
(the smaller the better) the inverse gamma SV model is the best. Although the IG model is
also the best in BR2 in terms of the BIC, in BR1 the best turns out to be the Log-Normal.
In summary, using the BIC the gamma SV model is the best for UK and JP, the Log-Normal
is the best for BR1 and the IG SV model is the best for the US, BR and BR2. In the case
of the UK and Japan the asymmetry parameter of the Gamma SV model was estimated to
be large, which might be the reason for the better performance of this model. In the case
of Brazil and the US the residuals appear to have more abrupt changes, which might be the
reason for the better performance of the inverse Gamma SV model.

Figure 5 shows the estimated values of the volatilities (i.e. smoothed values of var(e|y1.—1)))
and the 90% confidence intervals for the US data using the Inverse Gamma (IG) and the
Log-Normal (LN) models. Although the shapes of the time-varying volatility curves are the
same, the IG model gives a higher value for the maximum volatility (3.2 versus 1.49), while
having a lower average volatility over the whole sample (0.173 versus 0.186). The fat tail of
the IG distribution allows a larger volatility jump and improves the empirical performance.

Figure 6 shows some diagnostics for the IG model based on the Probability Integral
Transform (PIT), which is defined as p; = Fi(y;), where F; is the distribution function of
the predictive density of y; given the previous history .¢—1), z; and unknown parameters
(see e.g. Pitt and Shephard (1997)). In the IG model this predictive density is a mixture of
student-t distributions, where the weights can be calculated using the filtering distributions
for k; given in Section 3. Therefore in our case p; can be calculated analytically. If the model
is well specified, p; should be uniformly distributed with no serial correlation. To check
for serial correlation, the distributions p; are mapped to normalised innovations through

the inverse of the Gaussian distribution function. Furthermore, to check for correlation in
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squared residuals, the same operation is applied to the reflected probabilities 2|p; —0.5|. The
histogram and QQ plot of p; show that p, is uniformly distributed, and the correlogram of the
normalised and reflected innovations show that all the serial correlations are insignificant,

indicating that the model is well specified.

Table 3: Inflation Rates Model Comparisons: Log Likelihood

Model UK JP US BR BR1 BR2

M, -306.74  18.39 -165.42 -763.33 -269.65 -124.43
M, -230.04 100.17 -129.90 -395.30 -222.47 -123.05
M; -233.01  90.87 -147.72 -387.76 -226.91 -120.07
M, -227.74 107.06 -133.34 -383.97 -221.38 -118.38
M; -229.08 101.96 -126.74 -389.63 -221.61 -119.70
My -220.88 112.09 -129.33 -475.07 -240.84 -117.73
M5 -229.87 102.67 -124.57 -385.62 -226.26 -119.14

Table 4: Inflation Rates Model Comparisons: BIC

Model Parameters UK JP us BR BR1 BR2
T 244 242 244 160 51 109

M, 6 646.46 -3.85 363.83 1557.12 562.90 277.02
M, 8 504.05 -156.42 303.77 831.21 476.39 283.63
M; 8 509.99 -137.83 339.41 816.11 485.27 277.68
My 9 004.95 -164.73 316.15 813.61 478.15 278.98
M; 8 502.13 -160.00 297.47  819.85 474.67 276.94
Ms 9 491.24 -174.79 308.14  995.81 517.06 277.68
M5 8 003.72 -161.43 293.12 811.84 483.97 275.81
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Figure 5: Volatilities in US inflation and 90% confidence intervals: Inverse Gamma and Log-Normal
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Figure 6: Probability Integral Transform diagnostics for US inflation data in the IG-SV model.
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4.2 Exchange Rates Data Application

We use 1000 daily exchange rate observations for 7 currencies (GBP, EUR, JPY, CND, AUD,
BRL, ZAR) to the USD. The data for the first 6 currencies were obtained from the Board of
Governors of the Federal Reserve and covers the period beginning 5 March 2019 and ending
3 March 2023. ZAR was obtained from the South African Reserve Bank for the period 7
May 2019 to 3 March 2023. In this analysis y; is the first difference of the log exchange
rate. We compare the empirical performance of the IG-SV model with no leverage to the
same models considered in the previous subsection. All models include an intercept but we
include no regressors (i.e. x; is empty).

Figure 7 shows the normalised exchange rates for the 7 countries. We calculate the
percentage of times that the absolute value of the normalised exchange rate goes beyond 1.96
standard deviations. The JPY, BRL, GBP, CAD, EUR, and AUD have thicker tails than a
normal distribution with 5.8%, 5.7%, 5.9%, 5.2%, 6.5% and 6.1% proportions respectively.
The ZAR has slightly thinner tails to the normal with 4.8% of the proportion going beyond
1.96 standard deviations.

In addition we obtain the proportion where the absolute value of the normalised exchange
rate goes beyond 3.0902 standard deviations, which is 0.2% for a normal distribution. The
ZAR has the lowest proportion, with 0.4%, but still larger than the normal. The JPY, BRL,
GBP, CAD, EUR, and AUD distribution proportions are 1.8%, 1.0%, 1.6%,1.3%, 1.2%, 0.9%,

respectively, all of them much greater than the normal.
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Figure 7: Normalised Exchange Rates. y; was normalised by subtracting its mean and dividing by the
standard deviation. The x-axis plots the dates that correspond to the end of each year for the daily
observations. The y-axis plots the normalised y;

Table 5 shows the log likelihood values and Table 6 the BIC values (the smaller the
better) across all the 7 models listed above. The best model for the ZAR, which has the
thinnest tails, is the Gamma SV model, both in terms of the likelihood and the BIC. For
all the other currencies the GARCH(1,1) with student-t errors has the highest log-likelihood
values. However, when taking into account the number of parameters using the BIC, this
model is the best only for the EUR and JP. The inverse Gamma SV model is the best for all
the other currencies, GBP, CAD, AUD, BRL, with the log normal SV model being equally
good for the GBP and BRL.

Figure 8 shows the estimated values of the volatilities (i.e. smoothed values of var(e|y1.—1)))
and the 90% confidence intervals for the AUD data using the Inverse Gamma (IG) and the
Log-Normal (LN) models. Although the shapes of the time-varying volatility curves are
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the same, the IG model gives a higher value for the maximum volatility (107°27.7 versus

107518.5), and also has a higher average volatility over the whole sample (107°5.72 versus
10754.48).
Figure 9 shows the PIT based diagnostics, showing that the IG model is well specified.

Table 5: Exchange Rates Model Comparisons: Log likelihood

Model GBP EUR JPY CAD AUD BRL ZAR

M,y 3659.66 3962.76 3770.79 3976.17 3551.11 3123.64 3236.27

M, 3754.46 4053.28 3962.96 4034.74 3637.23 3167.60 3244.68

Ms 3747.26  4044.27 3927.91 4027.51 3632.31 3165.52 3249.98

M, 3765.21 4059.93 3987.26 4041.50 3641.47 3171.54 3253.80

Ms 3762.50 405548 3971.76 4036.88 3638.15 3168.97 3251.93

Mg 3759.35 4053.41 3967.96 4034.91 3633.98 3168.72 3257.63

M 3762.81 4055.50 3973.79 4038.36 3640.23 3168.94 3252.42

Table 6: Exchange Rates Model Comparisons: BIC

Model Parameters GBP EUR JPY CAD AUD BRL ZAR
T 999 999 999 999 999 999 999
M, 2 -7305.51 -7911.71 -7527.77 -7938.52 -7088.41 -6233.46 -6458.73
M, 4 -7481.30 -8078.92 -7898.28 -8041.86 -7246.83 -6307.58 -6461.73
M; 4 -7466.89 -8060.91 -7828.19 -8027.39 -7236.99 -6303.42 -6472.33
My 5 -7495.89 -8085.33 -7939.98 -8048.47 -7248.40 -6308.55 -6473.07
M; 4 -7497.37 -8083.33 -7915.89 -8046.13 -7248.67 -6310.31 -6476.23
Mg 5 -7484.16  -8072.29 -7901.38 -8035.29 -7233.42 -6302.92 -6480.73
M7 4 -7497.99 -8083.37 -7919.96 -8049.09 -7252.83 -6310.25 -6477.22
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Figure 8: Volatilities in AUD data and 90% confidence intervals: Inverse Gamma and Log-Normal Models.
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25



5 Discussion and Conclusions

This paper obtained an analytic expression for the likelihood of an inverse gamma (IG) SV
model. As a result it is possible to obtain the Maximum Likelihood estimator using standard
numerical optimization routines. The exact value of the likelihood is also useful for Bayesian
estimation and model comparison. Within the literature of nonlinear or non Gaussian state
space models this novel approach is one of the very few methods that allow MLE because we
are able to obtain the likelihood exactly. We provide the explicit formulas for this likelihood
as well as the code to calculate it in an R package (invgamstochvol). Furthermore, we
obtained the filtering and smoothing distributions for the inverse volatilities as mixtures of
gammas (or generalized inverse Gaussians in the case of leverage), allowing exact sampling
from these distributions. IG SV models can account for fat tails, which are observed in
most macroeconomic and financial data. The approach that we use to obtain the likelihood
expression is a result of integrating out the volatilities in the model. This approach is
computationally efficient, simple and accurate. The empirical fit of the IG SV model is
better than other alternative models in the literature with inflation data for two countries
and for 4 exchange rates series as shown in the empirical exercises.

Using realistic scenarios based on real data, a Monte Carlo experiment provided in Ap-
pendix 6.8 shows that confidence intervals for coefficients and volatilities have approximately
correct coverage when the sample size is 250 or higher. Leon-Gonzalez and Majoni (2024)
employ the inverse gamma SV model in a Vector Autoregression (VAR) model by using
the Common Stochastic Volatility (CSV) framework put forward by Carriero et al. (2016).
They obtain the exact value of the likelihood and show that the CSV-IG model outperforms
several other CSV models previously proposed in the literature in terms of out-of-sample
predictive likelihoods using large VAR models of macroeconomic variables for four countries:
US, JP, UK and BR. The IG SV model with analytical likelihood can also be easily extended
to the multivariate case by using the framework in Cogley and Sargent (2005) or Wu and
Koop (2022).
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6 Appendix

6.1 Lemma and proof

To derive the likelihood we will make use of the following lemma, which is a slightly modified
version of Theorem 7.3.4 in Muirhead (2005).

Lemma 6.1. For integers p < g

n+1
ntl— 1 1 1I\N|1 |72

n+1 1 _
pr1Fy (al, ooy Opy 5 b, ..., bg; §BA 1)

where (n+1)/2 > 0 and ,F,(.) is a hypergeometric function of scalar argument, provided
that in the case p = q we have that [0.5BA™| < 1.

Proof. We apply Theorem 7.3.4 in Muirhead (2005) after making a change of variables. Let

X = iBK such that K = 4X B~!. Thus we have:

1
oIy (al, ey py by, by ZLBK) = F, (al, cey Q3 b1, ...,bq;X>

Therefore the integral becomes as follows:

pii miie 1
/|X| e 2exp<— §4AXB1>qu<a1,...,ap;bl,...,bq;X)dK

We use the Jacobian dK = [4B71|dX to integrate with respect to X:

n+1

/ X" exp(—2X B A), F, (al, oy by, by X) dX[AB7|"T

This integral is the same as in the theorem, therefore, when we integrate out X we get the
following;:

X7 = n+1\[1 |7
mexp(—XQB A)qu al,...,ap;bl,...,bq;X dX =T 5 EA X
1 1
p+1Fq(CL1,...,(Zp,%;bl,...,bq;EBA_l)
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6.2 Proof of Proposition 3.1

Proof. ki is a gamma, Bauwens et al. (2000) gives the prior density for k; as:

% exp (= (1= 2) ) (6.1

Co

where ¢y = i(?ﬁ, is a constant and I' is a gamma function. Let V"' = (1 — p?), thus, the
(158 !

likelihood for the first observation is as follows:
L) = / L | b ()b
1 1 n-2 1 9 1
(2r) 2V B kl exp | — 5613 ki |k, ? exp| — 5(1 — pi)ky | —dky
Co
The integral is with respect to ki, so after rearranging and combining like terms we have;

L) = [ (2n) VB

(6.2)

n+1 2

1 1
exp < - 5(3263 + Vl_l)k1> adkl

n+1l—2

where k; * exp(—3(B%?+V; ")k1) is the kernel of a gamma with n+1 degrees of freedom.
Let V = (B2e2 + V; 1)1, therefore, the density of |y, is:

ntl-2 1 ~-1\1
m(kily) = ky ° eXp<—§k‘1V2 )— (6.3)

Co

. Thus, we have the likelihood as:

1

Co

2.2 —1
L) = 2n) VB (M )|

Taking into account ¢y we can write the likelihood for ¢t =1 as:

w\:

L) = (2m)~5V/B2A ((3))\32%+v1\

Define k1.2 = (k1, k2), then we have the likelihood for the second observation as:

L(y2|y1) = /L(Z/z’km,y1)7T(/€1;2\y1)d/€1:2

where m(ky.2|y1) = 7(ki|y1)7(k2|k1,y1) . The prior for k; unconditionally is a gamma. How-
ever, k¢|k;—1 is a non central chi-squared. Muirhead (2005, p. 442) gives this non central
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chi-squared density as follows:

n—2 1 n 1 1 n\\ 1
m(kelki—1) =k, 2 exp ( — §kt)0F1 (5, Zkat_lk't) exp ( — §p2kt_1) <F (5)) - (6.4)

where oF} is a hypergeometric function, pk,_; is the non-centrality parameter and ¢ = 22 .
We can then write the likelihood for the second observation given the first as :

=5, 1 1
L(y2|y1> = /(271')_; ngf exp ( — 532651432) 7T(]€1;2|y1)d]€1;2 (65)

We integrate first with respect to k;. Define 5 as representing all the elements in m(ko|k;)
as given by (6.4) that do not depend on k; as follows:

(o (1) () Q e

Given that 7(ka|k1,y1) = w(kz|k1), and given (6.4) and (6.3), we can write 7(ks|y;) as
follows:

r(kalys) = / e (kalkr, g ) (R g ), =

nt1-2 1
/— ? exp ( - —(Vz k‘l)) exp ( - —(P kl))oFl (5 1P klk?)l dk,
2

where we have used the expression for 7(k;|y:) in (6.3). We can write the above integral
more compactly as:

—2
/ (k2’k17y1) (kl‘yl dlﬁ —/ﬁ exp(— —(V2 +P )k1>0F1<2 4 2l€1/€2>l dk;
2

Applying Lemma 6.1 the solution to this integral is as follows:

r(kaly) = / e (kalkr, g0 ) (R g )y, =

L (n+1\|[Va 42T (n+ln 1 S, 1 (6.7)
C_OF( 2 ) 2 1F1<T 2R (B +4) )E
Given (6.6) and (6.7), the distribution of kq|y; is a mixture of gammas as follows:
w(kolyr) o Ky T exp (— —/fg)lFl (” ; Lo 1k2p 2 ' + p2)—1> (6.8)

The normalising constant for this density function can be obtained in closed form. Lemma
6.1 gives the solution to this integral, thus, we have:
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n=2 1 n+1n 1 n\.n n+1lnn
/1{322 exp(—§k2>1F1(T k‘zég)dk’g (5)222171( 5 ,5;5;52) (69)

~ 1
where 6, = p*(Vo  + p?)~L. This 2F1(”J2rl, z 2,(52) function has the same terms in the

denominator and the numerator thus they cancel out and we have:

n+l nn n+1
2F1( 7 75;5;52)=1F0< 5 ;52) (6.10)

Therefore, this function simplifies to a known solution for |9y < 1, see Muirhead (2005,
p.261) .

Therefore the normalising constant becomes:

n—|—1 n\ _.n ntl

Given this normalising constant, we have the density for m(ks|y;) from 6.8 as follows:

L, 1 bl n 1 5~ 5
mlhely) = ks eXp(_§k2) Fl( s igighr (Ve +p7) 1>

where ¢; = I'(%)2 22 (1—d,)~ "2 . Thus, the likelihood for the second observation is as follows:

Liyly) = / (yala, 1) kol ) ks

~ [n Ve

1 1 1 1 -
eXp<—§(BQ +1)k:)—1F1<n; n, She0*(Va +p2)_1)dk:2

Using again Lemma 6.1 and taking into account ¢y, the likelihood for the second obser-
vation is:

n+1

+

Llyelyn) = (2m) 2B

I(%) (B2 +1)"" n+1n+1n -
T G (R )
2 — U2

Thus we get a Gauss hypergeometric function which can be evaluated easily. Let Z, =

(B22 4 1)716, and Cy = oFy (2L, 2L 2. 7,). This series converges because |Z,| < 1

(Abramowitz et al., 1988). To accelerate the convergence of this series we apply the Euler
transformation as in Abramowitz et al. (1988) and thus we get:

w3 v

32



n+1 n+1n nt2 1 1n
F =/ 1—25) 2 || —=,—=; = Z 12
21(272727) ( 2)221(2222> (6.12)
Thus C’g—gFl(i %% Zg) :(1—Z2)*RT+22F1( % %% Z) then we can write

the L(yz|y1) as follows:
(M) (B 1)
n+1 2

2 2
T (o5 T

Ligaly) = (2n) VB

The density of k; for the third observation is given by:

ﬂmmﬂozjk@wwmmew%

where 7(ka|y2,y1) o< 7(ka|y1)L(ye|k2,y1). The distribution for m(ks|y;) in (6.8) can be

written as follows:

n+2h2 2 1
k2’y1 Z C2 h2 2 €xp ( - §k2)

ho=0
where Cj , = %(%p%%_l +p%)” )h2 L Thus we have:
n+1+2h2 2 1
/{32 y27 yl Z CQ h2 2 exp ( — 5]{32(326% —+ 1)) (613)
ho=0

Given (6.4) and (6.13) we have:

n-2 1
(k3ly2, 1) OC/k’32 exp ( - —ks) ol (5 1P k‘gkg) exp (— §p2k:2)

n+1+2h2 —2 1 1
X Z 02 h2 2 exp < — 5]62(32@% + 1)> deg
5)22

ho=0

which simplifies to:

n—2 1 n 1 1
7(ks|y2, y1) o /kg ? exp ( - §k‘3) ol (5; ZkaQk?’) exp <— 5(3263 +1+ PQ)k2)

n+1+22h2 2 1
Z Co ok deg

ho=0

Using Lemma 6.1 the density of ks|ys, y; is thus:
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1 n=2 2~ n+ 14 2h
k3 2 exXp ( — §]€3) Z CQJLQF(T2)
h2=0 (6.14)
n+1+2h n 1 n+1+2h2 1
1F1 ( 5 2; k3p253> (255) m
and c3 is the normalising constant as in (6.9) as follows

ﬂ-(ki”’y% yl) =

n—|—1—|—2h2nn 9
S
g )

where S3 = (B%e3 + 1+ p?)
n+1+2h ntii2hy
ZCMz ( 2>( S3) 2F1( 5
ho=0
Similar to (6.10) and (6.11), the hypergeometric function simplifies to get
n+1+2h n+1+2h2 M
= 3 o (L Y 2 g
ha=0
Collecting terms dependent on hy we can write c3 as
= [(n+1)/2], 05\ L (n+1 )
= - 1)/2|p,— | 1—p*S 25
o= (X el /2l (M )0 ) s
where 85 = ((1 — p2S3) "' S5p*(Va 4 p*)~1). This can be written as
n+1ln+1n n+1 _ntl
C3 =2F1< 5 o ;5;53)F( 5 )(1 — p2S3) 7 (25y)
Using Euler’s acceleration in (6.12) we can transform cs as
o I 1n n+1 ntl
= (1 — (53) ;22F1 - =, (53 (1 — pQSg) (253) +
2" 272
Therefore the likelihood for ¢ = 3 is as follows
(y3|ya, y1) /ﬂ-(y3‘k37 Y2, Y1) (k3|ya, y1)dks

) S (e

Thus we have from (6.14)
_1 5 1 ntl=2 )
(yslyz, 1) = [ (2m) 2V B2—ky4 exp | — §k3 (B2e
“ h2=0
n+142h n. 1 n+1+2h
1F1 ( 5 2. k3p253> (255) 7 F(
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1

(2m

and using Lemma 6.1 we get
_1 1 = L n+1+2h n+1+2hgy
(ol ) = () HVEL Y Canar sy
C3 ha—0 2
4l + 1+ th n+1n -~ 1
B2 4 1) n B2 1)1 28 _
( 63+ ) 2 1( 9 ) 9 727( 63+ ) P o3 F(g>2§
Letting Z3 = (B%e2 + 1)71p%S;, we can define C3 = o F ( +1t2he il n Zg>. Thus, we
have:
F (n+1;2h2) — 1
1 nt142hy 272 I‘(M) N
L(ys|y2,y 2VB Lr(283) 7 — 22 C
(Balyz 1) = Z (B2e§+1)%( ) 28 T(2)
The filtering density of k; for ¢t = 4 is given by
(Kalys, y2, 1) / (Kalks, y1, Y2, y3) 7 (K3|ys, ya, y1)dks (6.15)
where m(ks|ys, Y2, y1) o< w(ksly2, y1) L(ys|ks, y2, y1). Let
~ =~ n+1+2h2)[(n+1)/2+h2] ( ) )f” 1 w152y
Cspy = Cop, I’ S 25 6.16
= 3 Can ("~ L ) (28 (6.16)
Then from (6.14) we have that the filtering distribution k3|ys, y; is a mixture of gammas
n+2h 2 1
2 exp ( — §k3>

Z Ci s ks

as follows:
(kslya, y1)
h3=0
As before, when we include the third observation, the distribution of ks3|ys, ye, y1 is also
a mixture of gammas and can be written as follows:
n+1+2hg—2 1
exp < - §k3(82€§ + 1))

(kslys, y2, 41) o Z Cansky
h3=0
Then, using (6.15) and (6.4), we have the distribution of

= (B%3 + 1).

Let \74_1

k4lys, y2, 1 as follows
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2

n2 1
k k,? ——k: Fi =; = pPksk — —p’k -
( 4|y3,?/2,yl)0</ 4 eXp( 4)0 1(2 4P 3 4) exp( 2P 3)1“(%)22
eons (6.17)
ntlt2hg—2 1 ~-1
X Z Cs sk exp ( — 5kl )dkg
h3=0
Taking this integral with respect to k3 we get
n+1+2hy n 1 -
& Ph(Vi + %) 1)

(s

> Csn P
1

h3=0
n+142hg

L T(3)2

wl3

(Kalys, Y2, y1) o k’f exp ( - —k4>

14 2h
T (M) (25,)
2
(B%¢2 + 1+ p?)~!. Let ¢4 be the normalising constant, that is

~ —1
21{34(‘/4 +p2) 1)

where S, = (f/;;_l +p2)7t
n—2 Sl n 4+ 1 + 2h3 n 1
/k?42 eXp<—§]{74> 203’;131}71( 5 2 2
hs=0
1 2h n+142 1
(LT (25, —dks
2 F(%)%
Thus we get:
=~ n+1+2h;s n n n+ 1+ 2hg nt1+42hg
Cq = Z C3,h32F1( 9 ) 5; 5;,0254)F(T) (254) 2
h3=0
Using (6.10) and (6.11), this simplifies to
n+1+2h n+1+2h n+142h
4—ZC3h3 1—p 84) SF(TS)(QSD 2 3
h3=0
Thus,
1 n—2 1 i n+1—|—2h3n12 ~—1 o\ 1
k = —k,?2 — =k C! Fil ———= ka(V,
(kalyss Y2, y1) o eXP( 5 4)}2 3,h31 1( 5 Py 2 (Vi +p%)
o=
1 2h n+1+4+2 1

F n + + 3 ( 54) + + ntl+2hg . -
2 (5)22

Therefore the likelihood for ¢ = 4 is as follows
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L(?J4|?J3ay2,yl) :/W(y4|k’4,yg,yg,yl)ﬁ(k4|y3,yg,yl)dk4

Thus we have:

1 n+1+2h
L(?J4!y3>?12,yl):/( m) VB k’ exp(——k:4 (B%; )Zczmg ( 5 2

h3=0
n+1+ 2h3 n. 1 9 n+1+2h3 1
| —- —k4p*Sy | (2S5 ———dk
1 1< 5 2 B 40 4)( 4) F(%)ﬁ 4
This is similar to t = 3 therefore we have:
oo F (n+1+2h3 n+1
1 ~ 2 n+142hg 22 F(n—H) R
Llyalys, yosy1) = 2m) 2VB2= N gy L (25)) " 2 % 22C,y
€1 hzo YB3+ 1) 25 I(3)
and the likelihood for any t is:
r M) A ey
2 nt1t2h,_q 275 [(2H)
L(yilyre1) = (27) "2V B2 Cit 5(28) T T =220
htzlo (B2} + 1) 2: I(3)

where for t > 4:

5 = ((1 2SSV p2>—1)
Zy = (B¢} +1)715,p*

A n+1+2hiy n+1 n
- F A
Ct_2 1( 9 3 9 a2; t

Vil =1+ B%}
Si= (B, +1+p) " =V + o)

- n+1+2ht 1+ 2h,_ n+1+2hs_
e S G (1S p(u) (28,) "=t

2
ht_1=0
ét—l,ht_1 =
o hys n+142hy _o
Z 6 T n -+ 1 + th_g [(n + 1)/2 + ht_Q]ht71 1 25 (ZSt_l) 2
t-2hia 2 /2], Pl hy!
ht72:0 t—1
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6.3 Proof of Proposition 3.2

Proof. Combining the prior density for k; in (6.1) with the transition equation in (6.4) and
the likelihood, we get:

7(k1|k2:T7y1:T> & |/€1|n+;2 exp ( - —5 kl)OFl <— 4 k1k2>

274
) - (6.18)
n+l—2
= k|2 exp (— 55;%1) > (Cralkal)
h=0
h
with Cun = oy (IP%)

The integral of (6.48) with respect to ky is proportional to:

and therefore:

71-(l{;2|k3:T7 yl:T)

nt1- 1 1 1 1 6.19
o ’kQ’ +; 2€Xp(— 55311432) Fl(n—zi_ Z 2 21{3252)0F1 (g Z,O kgkg) ( )

where we have used that S;' = 1+ B%e2 + p?. Combining the series we get that:

n+1 n 1 n 1
1F1<T 5 2 21525'2)()}7’1 (5 ZP k’3k2) =

(2 i ) (S () )

h1=0

(6.20)

By making the change of variables h = hy + hy we get that (6.20) can be written as:

5 zh: ((Kn[z/%}/ih m (5P (;f ;’;)h)h% [n/lmhz Gp2>h2k§2)k3 = gcg,hkg (6.21)

hoo 11 /1 .\"™
= Conemrm— | 707 ) K
" —= 20702 ol 2], (4'0) ’
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and 527h_h2 has been defined in proposition 3.1 as:

[(n+ 1)/2]n-n, (3°55)" "2

ot = e (7= o)

Using (6.21) we obtain that:

[e.e]

n - 1
7T<k2|/€3;T, yl:T> X ‘kg‘ +é : exp ( — 5531]{2) Z (nghkg) (622)
h=0

as we wanted to prove.
The integral of (6.22) with respect to ks is proportional to:

+1+2h
h=0 h=0 h2=0 4 1/2) -

(6.23)
Making the change of variables hy = h — hg, equation (6.23) can be written as:

Z Z ( 27 h2 1 (1p2)h2k§2) LU+ It o) (6.24)

P — ]h 4 (53—1/2)"7‘“+h1+h2

Note that F(”T“ + hy + h2) _ F(n+1+2h1) [n+1;2h1]

> p,- Then (6.24) can be written as:

LS - n+1)/2+h ha ni1ian
S Y G n41+2h\ [(n+1)/2+ ], Lag )" 1 s SO 605
ha=0 h;=0 2 [n/2]h2 2

Using the definition of 6’37@ in proposition 3.1, we can write (6.25) as

> Cy kil

ho=0

Recall that the transition density is in (6.4). Therefore, we have:

ho=0

n 1 ntle 1
7(ks|kar, y1.1) X ( Z Cs ok’ )0 1( 2k3/€4) k3] = exp <— 55417@,)

with Syt =1+ B2e2 + p%. As before, we can multiply the two series as follows:
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(35t )on (5 3mn) = () (£ () )
=SS i () g = S

h=0 h3=0

where

algys 1 (1 )\ "k
Csp = Cs - - —
3,h Z 3,h—h3 [n/Q]hg <4p ) hg'

h3=0

and therefore, 7(ks|ky7,y1.7) can be written as:

[e.e]

n - 1
(ks kar, yir) o |ks| =2 exp ( - §S4lk3) > ksl Co (6.26)
h=0

as we wanted to prove.

Since 7(ks|kar, y1.7) in (6.26) and (ks |ks.7, y1.7) in (6.22) have the same structure, and,
since the transition density of k; is always the same, we get analogous results for any ¢ < T,
as we wanted to prove. For ¢ = T the only difference is that there is no transition density
from kg to kp4q. For this reason we do not need to multiply two series, and hence Crj, = Cry,
and Sy = (1 + B%%)™!

m

6.4 Proposition 6.2 and proof

Proposition 6.2. The density m(ki|ki.q—1), y1.7) s a mizture of gamma distributions and
its kernel is proportional to:

1 (o)
W(kT-s’/ﬁ;(T-s-l), y1;T) |7€T s’ = exp < - §ST_15+1kT—S) <Z aT-S,hkff‘_s> s=0,...,T—1

where

" 1 1 /1 ,\",
sh = AT h— - kel =1,...,T—2
ar s,h ar S,h—hr.g (h,T_S)! [n/Q]hT_S <4p ) T-s—1> S 9 ’

hrs=0
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and

~ = n-+1 n+1)/2 4+ hrstaln,
AT-5 hpgy, = Z aT'S+1:hT-s+2F< 5 T hT-s+2> [< )[{1/2]h s+2] Is+1
T-s4+1

hr.st2=0

1 26 hrss1 nt142h7_g
<2p Ts+2) (251542) s s—2 ... T—1

(h1.st1)!

with,

1 1 (1, "
a’T,h - ﬁ [n/Q]h (Zp kT—l)

—[m+1)/2h, (50°5ra)"
b [n/2]n; (hr)!

For the case when s =T — 1, we have ar.sp = a1 = a1

Proof. We need to integrate m(ky.r)7(y1.r|k1.0) with respect to kp first. The terms that
depend on kr are the following:

1 1 n— 1 n ]'
exp (— §e%szT> \kT|§|/€T’T2 exp ( — 5’%) ol <§ 1P *krkr_ 1) =

1 n+1-2
eXP( ST+1kT>|kT| = ZaTh|kT|

h=0

(6.27)

with apy = h, [n/2]h (4p2kT 1) . This proves the result for s = 0. The integral of (6.27) with
respect to kr is proportional to:

n+1nl
1F1(T 55 3P ko 15T+1)

Therefore, the terms that depend on kr_1 in w(ky.7)7(yr.r|k1.r) after integrating out kp
are the following:

n 1 n+1n 1 n 1
k1] 2 exp <_§ST1kT1> Fl( 5 50 5P pPkr_ 1ST+1)OF1 (E i ko 1k 2> (6.28)

Equation (6.28) has the product of two series, that can be written as:
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n+1nl n 1
1Fy (T’ 5; 5 2k«‘T—15T+1) ol (—' —P2kT—1kT—2) =

274
- (i o (%pQSTZ;)!hT%T_I) (i (riTTE G”)’“)
(6.29)

Making the change of variables h = hy + hy_; we get that (6.29) is equal to:

S TSR 3 e

h=0 hT71:0 (hT71)| [n/z]hT—l 4

oo
h
E ar—1nkp_y
h=0

where:
. " [(TL + 1)/2]h_hT—1 (%IO2ST+1)h_hT71 1 1 1 2 " hr_1
ar—1,n = Z , , 1P kr_s
o\ [/ 2hene (h—=hp-1)t (hr-)![n/2]nyy \ 4
which can be written as:
h ho_
N 1 1 1 2) R
ar_1p = aT—1 h—hp_; - kot
o hT_z;zo e (hr-1)! /2], (4p T2
and:
~ [(n+1)/2 (30°Sr1)"
ar—i,n =
Therefore, m(ky_1|k1.7—2, y1.7) which is given by (6.28), can be written as:
1o 1 >
ﬂ-(kalykl;T72,y1:T) X |kT71| Jé 2 exp < — 55T1kT1> Z (CLT,Lhk;Lﬂfl) (630)
h=0

which proves the result for s = 1.
The integral of (6.30) with respect to kr_; gives:
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[e's) F(n+1+2h)
(a m) =
h=0 /2)
—Z Z i Lo L LA e T
T— 1h hT 1 h _1)! [n/2]hT_1 4p - ( 1/2)"+1+2h

Making a change of variables h = hy + hp_1, equation (6.31) can be written as:

(6.31)

1 1 1 2> hr 1 th) T(% + by + hy_y)
ar-— Lhr =P kp S| (6.32)
h;O hTZ; 0 < 1) /2], (4 r=2 (851/2)%+hT+hT,1

Noting that F("TH + hp + hT,l) = I’("TH + hT) ["TH + hT] By (6.32) can be written as:

hr_1
T—2

. S ((n+1)/2+ bl (L0%Sr) Tﬁl( ST)"+1+%T)IC

2 ( 2 aT‘l’hTF(nTH * hT) CE— <hTT1>!

hr_1=0 hp=0

(6.33)

where:

[e.9]

~ ~ n+1 [(TZ + 1)/2 + hT} hpq (%p2ST) hr—1 n+l42hp
oty = 37 Breaael (M ) S e S e ™

h1=0

Therefore, we have that the integral of (6.30) with respect to kr_y gives (6.33).Therefore,
collecting the terms that depend on kr_o we have that:

7T(]fT—2|/<71:(T4,), Y1) X
n 1 n 1 6.34
ko] +1QeXp(_Q “yhr- 2)( Z ar—apy_ K hT 1)OF (5 i 2k ok 3) (6.34)

Equation (6.34) depends on the product of two series, which can be written as follows:
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hr_o
. . ') <Allp2kT_2kT_3> 1
k T—1 =
Z CLT 2,hp_1Nvp_9 > ( Z (hT—Q)! [n/z]hTQ)

i 1 1 1, hr—2
y— ar—o p —p°kr_
ar—2.n Z AT—2 h—hp_o (hsz)! [H/Q]hT,Z <4P T 3)

hr_2=0

Therefore, we can write (6.34) as

7 (kr—alkrr—ay, y17) o kr_s) 2 2exp(——ST . )ZaT okt (6.35)

which proves the result for s = 2.
Because m(kp_o|k1.(r—3), y1:7) in (6.35) and 7(kr_1|k1.r—2,y1.7) in (6.30) have the same
structure, and because the transition density is always the same, we can conclude the result

is proven for any s = 0,...,T —2. For s = T'— 1 there is no transition density from kg to ki,
therefore there is no need to multiply two series, so we get a5, = a1 and Sy = (1+ BQef)_l.
O

6.5 Proposition 6.3 and proof

We can integrate 7(k1.7)7(y1.v|k1.r) with respect to ki.4—1y and with respect to ki) to
obtain the following proposition which gives the marginal density m(k;|y,.7) fort =2,...,T—
1. Note that for ¢ =T or t = 1 the marginal densities are given by Propositions 3.2 and 6.2,
respectively.

Proposition 6.3. The density of w(k|y1.r) is that of a mizture of gammas and its kernel is
given by:

m(klyrr) o ke 2 exp < St > ZDt nlkel

fort=2,...,T —1, where for2<t<T —1:
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1,\"1 D (™ + hy 4 hig) -
Bip = z S G i (1) T e e
0 heiz0 /2 ht‘ (St+12/2)T+ht+ht+l +
and fort =T — 1:

h
Dr_qp = E Cr—ih—hp_,

hp1=0 7 [n/Z]hTfl

1 1 9 hr-1 1 F(n—H+hT_1)
1" (

where a1 was defined in Proposition 6.2 and ét,ht was defined in Proposition 3.1.

Proof. To find m(k|y1.0) we need to integrate 7(ki.p)m(y1.7|k1.r) with respect to ky.;—1) and
with respect to k(41).7. From the proofs of propositions 3.2 and 3.3, we have that when
2<t<(T-1):

//7T(7<71:T)7T(y1:T|k1;T)dk1:(t—1)dk(t+2):T X |k5t|n+;_2 €xXp ( t+1 ) (Z Ct k| )
. 1 - 00 r n+1 + h
|]€t+1| En exXp ( - §St+12kt+l> <Z At+2,h ( )n+1+)2h)

=0 (Srvs/2
(6.36)
In the proof of proposition 3.3, it is shown that:
> I(2 + h)
Z Q42,1 ( n+1+2h Z at-i-l,hkﬁ-l
h=0 (Si33/2)
Therefore (6.36) can be written as:
n+1-2 1 >
(ke k1 lyrr) o< [kl 2 exp ( - 55;1]?:5) (Zot,h|kt|h)
hff . (6.37)
|k’t+1|n+1 : exXp ( - ist_fzktﬂ) (Zat—&—l,hkil—i-l)
h=0
The product of the two series can be written as:
< Z Ci h|kt ) < Z at+1,hkﬁ+1> =
(6.38)

o0 o h 1 ) ht (kt+1)ht+ht+1 .
S 3G ()

hi11=0 h=0 h;=0
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where neither @, ,,, nor 6,57;1_;” depend on k;; 1. Therefore, we can integrate out k;; from
(6.37) using (6.38) to obtain:

7 (kelyrr) o |k5t|n+;_2 exp ( S ) (ZDth|kt >

where

Dth—z Z Crne m

=0 hy41=0

1 ,\™ 1 D(2E 4y + By
,0 At 41,k 41

n+1
4 hil (Sizp/2)"7 Hhethen

as we wanted to prove.
In the case t =T — 1, expression (6.37) becomes:

n n 1
7T(/€T—1,/€T|y1:T) |/€T 1| &R 2€XP< lkT 1) (ZCT 1h|/€T 1| )|/€T| &R 2€Xp< 25T+1/€T)
(6.39)

Thus, in this case we only have one series, not the product of two. Integrating with respect
to kr we get:

n+1l— 1 © ~
w(br o lyrr) o [k eXP(— ESflkT—1> > Dy plkroa|”

h=0
with

1 (1 Q)hT-l 1 T(%E2 4 hro)
p :

Dy 1y = Cr1n
T—-1,h Z T—1,h—hr_1 4 hT—l)! (Sj—ﬂil/z)"TH-f—hTA

hp1=0 [n/Q]hTﬂ

as we wanted to prove.

6.6 Proof of Local Scale Model Likelihood

To facilitate the reading we do not explicitly write x; as a conditioning argument. Given
that we have a gamma distribution for the initial condition (2.2) and a Gaussian error term,

we have that the joint density (y1,61,11) is :
IMNon +a2) o
(0 = 208700 ) FOSO T e gy

7r(y1,91,l/1) \/ﬁ €xp ( F(al)F(C(Q) 1

where f(61|S1) is the density of the initial condition given as:

M\»—A

——(bh)2e

[\:Jlr—l

%—1 6)1 1
f(61]S1) =0 " exp (— 251) (/225 (6.40)
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The volatility process is represented by a non stationary process as in (2.1). We make a

change of variables from (y,601,11) to (y1,Z,05) where Z = 61 — A\, and v; = %. The

Jacobian of this transformation is A/(Z + A0,). Therefore m(y;, Z, 05) can be written as:

Ty, 2,02) = % exp ( - %(yl - B) (2 + )ﬂz)) (Z + Ay)> " exp ( Ch) 35?92))

" ((Z +)\/\92)>1 F(v/2)1(251)5 1?((311);(222)) (Z %ieg)all (Z +ZA92)Q21

which simplifies to:

ﬂ-(yla Zv 92) =

\/127 exp ( - %((yl —1108)° + S%) (Z + Aeg)) x

I'og + o) (Z + )\92)%"‘%—(&1-1-&2)
D(on)T(a2)  T(v/2)(25:)2

arzas—1ppa;—1
AFZo27 148

Note that for mathematical convenience, a; is restricted as a; = 5 and ap = % Therefore,

s+ % — (a1 + ag) = 0, and 7(Z|y1,02) is a gamma distribution. Using the properties of the
gamma distribution, we can integrate over the state variable Z:

7T(y1, 92) = /W(yl, Z, QQ)dZ

| T(ay) P ( — o2 ((y1 —x1B)* + %)) T(ar +a)  A262/>! (6.41)
e <2<(y1 —210)% + %) _1>_a2 ()T (an) D(1/2)(25)2

From equation (6.41) we can see that 65|y, is a gamma distribution with parameters (g, 252),

where Sy = ((y1 — 18)? + s%)_li . Let f(65|S5) be defined as in (6.40), that is, the density
of a gamma distribution:

%—1 92 1
f(62]52) =03 " exp (— 252) /225 (6.42)

Then equation (6.41) can be written as follows:

F(ag) F(Oél + CYQ) A
P(e2) () T(v/2)(251)2

7T(3/17 92) =

\/12_7T (2 ((y1—$15)2+5il> _1) OQf(eg|SQ)F(1//2)(252)%

Therefore, 65|y, is a gamma distribution, such that 7(6s]y;) = f(62|S2), which is defined in
(6.42).

47



From these derivations we can get the likelihood as follows. First, for ¢t = 1, we have that

T(y1]01) = 191(% - 9515)2)

1 1
——6Oexp| —
Vam LT ( 2
and the initial condition for 6, is a gamma distribution given in (6.40). Therefore, m(y;) is
a student-t and we have:

For t = 2, m(yz|02) is also a normal. Thus the conditional distribution for the second
observation given 6, is as follows:

1 1 1 9
T(y2|0a) = ﬁez exXp < - 592(92 — 22/3) )

and 7(0s|yy) is the gamma distribution defined in (6.42). Therefore, we have the same
structure as in ¢t = 1, and using the properties of the gamma distribution, we get that the
likelihood 7(y2|y1) is a student-t as follows:

rtolo) = " ()L o mip £) )T

-1
where S5 = ((y2 — x903)% + s%) %

Because the kernels are the same for ¢ = 1 and for ¢ = 2, then we have proved it for every
t.

6.7 Model with a Leverage Effect

In the presence of a leverage effect the model equation is v, = p + z,8 + Yk; ' + e, with
var(e;) = (B%k;)™! and v # 0. The likelihood is given by the following proposition.

Proposition 6.4. Lete, = y,—pu—x3 fort = 1,...,T. The likelihood for the first observation

L) = = (2m) IV BR2esplr %) T2

and fort > 2,

P+ht (\/_b)
(a;/b)Pt

where K,(.) is the modified Bessel function of the second kind (Abramowitz et al (1988
p.375)) andp = (n+1)/2, b= B? a; = V{7 '+ B?&2, a; = 1+ B*¢2, my = I'(n/2)20""2/2m

1 1
Llyilyao-1) = ;-(2m) 72V B?2exp (vB% ZMtht
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- 2Kp(vaib)
07 (a/p)r/?

R Y (7F)
"))

[ — (p_?)hQKM( (a1 +72)D)
Yl /2, \ 1) (@t ) /D)0

4 ) ((ar_y + p?)/b)pHh-1+ho)/2

—~ ?2 43 K h h ( ((lt p2)b) —~
M / 2 - p t—1+ht + M > 3
N h —(0 ht! [n/ ]ht ( ) t_lyht—l fb
t—1= U

>© P n+2ht)
my = Z Mt,htm fOT’t Z 3
ht=0

Proof. From the model equation y; = p + x;0 + vkit + ey, with es|k; ~ N(0, (k;B*)71), we
can write e; = (y; — u — x40 — v/ki) = € — v/ ky, with €; = (y — p — xf3), such that:

2 ~\2, V7 ~
(er)” = (é) +k—t(E—2€t)

2
(et)Zkt = (gt>2kt + Z— — 2vey
t

The likelihood of the first observation is the following integral:

1 b1 1 292 .
L) =~ /(zw)—%\/Bng T2 exp (—5((32?55 VT k4 = )) exp(yB%&,)dky
0 1
(6.45)
where V' = 1 — p? and ¢y = %. From (6.45) we can see that 7(ki|y;) is the

following generalized inverse Gaussian distribution:

1 . 1 b
m(kilyr) = m_osz 1ea:p(—§(a1]g1 4 k_l))

Since the integrand of (6.45) is the kernel of a generalized inverse Gaussian distribution
(GIG, Jorgensen (1982)), the integral can be solved as follows:

Kp(Varb)
(a1 /b))

1

Co

L(y) = (27?)*% VB22 exp(yB%&)
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The likelihood of the second observation can be obtained as

L(y2|yl) = /L(yszm,y1)ﬂ(/€1;2|y1)dk1:2
2.2

:/L(y2|k2,y1)7r(k;2|y1)dk2
1 B
- /(2%)_2\/3%5/2 exp( —(B*¢3ky + kv )) exp(yB?ey)m (ko|y1 ) dks
2

(6.46)

where we have used that L(ys|ki.2,y1) = L(ya|ks,y1). Using that w(ks|k1,y1) = w(ke|k1), the
expression for m(ks|y;) can be found as follows:

m(kalyn) = /W(km’yl)dlﬁ
_ / (ol (k) I

1, = 1 1 1 n 1 1
= Eok'l 2 exrp ( 5 (a1k1 —+ bk_l)) exp (_5/)2 1> OFl (2’ 4/)2/{71/{;2) Edkl
Ligs 1 (k)" 2 (Vi)
g ly o (n/2]p h! ((ay +p2)/b)(p+h)/2
(6.47)

where [y was defined in (6.6) in the proof of Proposition 3.1 and contains terms that do
not depend on k;. Using this expression for m(k2|y;) we can see that (6.46) is a mixture of
generalized inverse Gaussian distributions, and therefore L(ys|y;) can be written as:

K+2<\/_b)
(az/b)®+

The density 7(ks|ys, y1) can be obtained from 7(ks|ya, y1) = [ w(kslks, yo, y1) 7 (k2|y2, y1)dks,
where 7(ks3|ko, y2, y1) = m(ks|kz) is the transition density and 7(ka|ya, y1) o< w(k2|y1) L(y2|ka, y1)
h
(1°k2)" Kpin(\/ (a1 + p?)b)

(k2ly2, 41) O<kn+;_26xp< L <a ko + b— >) fo
T\R2|Y2, Y1 9 2102 P
2 = 2 B (a2

1 i
L(yaly) = (27)75 22exp(yB?e,) Z M p,
ha=0

Therefore we have:
n

7 (k3|y2, y1) oc/k:?fexp (——k:a) (§ ' 1P *koks

1 n—2
X exp (—§k3) Z ky? +h3M3 hs

h3=0

1
) 693p(—502/€2)7f(k2|?/2, yl)dk’z
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Therefore the filtering distribution of k3 is:

1 3
ﬂ(ki’)ly??yl) = —€$p (—_kg,) Z k’ Tt M5 s

h3=0
And the likelihood is:
L(y3|y2,y1) :/L(y3|k?3,ylay2)77(k3|ylay2)dk?3
_1 57.1/2 L o B*y? 2~
= [ (27) 2V B2k’  exp 2(B esks + T ) ) exp(yB<es)m(ks|yi, yo)dks

1 RV
(27T) %\/_Zexp vB es) ZMghS—p+h3( ash)

+h3)/2
= 3/b)Ptha)/

Because L(ys|ys, y1) is the same as L(yz|y1), and the transition density of k4|k.3 is the same
as that of k3|ki.o, we will obtain the same likelihood for ¢ > 3. ]

Proposition 6.5. When the leverage parameter is different from 0 (v # 0), the joint poste-
rior distribution w(ky.r|y1.r) can be obtained from the following conditional densities each of
which is a mizture of generalized inverse Gaussian:

1 1 =
kel yrr) o kel 2 Qexp<— 5 Sk + >Z Mgk, t=1,..,T
h=0
where .
1 1 1
M, = ( 2k2>
en
Sy = ( + B’e 1)
Srir = (1+ B?7)™
for3 <t<T

S, = (14 B%2, + p*)"!
and for2 <t <T:

1 1 /1 e
ZM”"“h'[ o ()

while fort =T, M, ) = Mth and where Mt,h has been defined in Proposition 6.4.

Proof. Combining the prior density for k; in (6.1) with the transition equation in (6.4) and
the likelihood, we get:
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nt1-2 1 32 2 ~ n 1
(k1 |k, yrr) o [ka) 2 exp ( —3 (Sg_lkl + k,fy ) )&'EP (e1B*y) o F4 (§, Zkale)
1

ni1 1 B?y? -
o |k 2 exp (— 3 (521k1 + k:y ) ) Z (M 1]k |")

1 h=0

(6.48)
Note that M, ), is equal to C} p, which were the coefficients obtained in Proposition 3.2 for
the case of no leverage (v = 0). Note also that the terms related to the leverage effect are
exp(é;B?v), which does not affect the distribution of k;, and exp(B?v?%/k;), which makes the
gamma distribution become a generalized inverse Gaussian distribution. Proceeding in the
same way as in the proof of Proposition of 3.2, we obtain that M, is obtained from M,

using the same recursion that was used in Proposition 3.2 to obtain C}j from @7;, O

6.8 Monte Carlo Experiment

To see the impact of sample size on the properties of the ML estimates we carry out a Monte
Carlo experiment. We consider two possible scenarios for the values of the parameters,
and in order to fix reasonable ones we select those from the estimation of the model with
US inflation (case 1) and with Canadian exchange rate data (case 2). Thus in case 1 we
have n = 3.21, p = 0.96, B> = 0.28, 8 = (0.1053,0.5772,0.0500, 0.3304, —0.0747) and
2 = (1, Y1, Y2, Vi3, Yi—4a). In case 2 we have n = 6.2, p = 0.98, B?> = 317, 8 = (0.00) and
x = (1).

Because the parameters n, B? and p are restricted, we maximize the likelihood with
respect to the transformed unrestricted parameters T'n = log(n), Tb2 = log(B?) and Trho =
log(—log(1 — p)). Confidence intervals are constructed using the standard errors of the
transformed parameters, which are obtained from (1/7") times the inverse of the negative
Hessian of the log likelihood evaluated at the MLE. We repeat the experiment for several
values of T" between 50 and 350, and use 500 simulated datasets for each value of T

Table 7 shows the coverage of 95% confidence intervals for the parameters n, p, B? and
for the combination of parameters x; with ¢ = 7'/2 (for a known value of z;). We can see
that the coverage is close to the true value of 95 when the sample size is 250 or larger, except
for n which is slightly oversized in case 2. The table also shows the average absolute bias to
estimate x;3 (as a percentage of the true value only in case 1, because the true value is 0 in
case 2). We can see that the bias decreases with the sample size, as expected.

Table 8 shows the coverage of 95%, 90% and 80% confidence intervals for the volatilities
(var(e|yr:¢—1)) = (B*k,)™')) at t = T/2 and t = T These are obtained by simulating first
from the estimated asymptotic distribution of the estimator to simulate values of n, p, B2, and
then simulate the volatilities conditioning on these values using the smoothing distributions.
We can see that the coverage is close to the true value of 95 when the sample size is 50 or
larger in case 1, and from 150 in case 2. The table also shows the median absolute bias to
estimate the volatility as a percentage of the true value. We can see that the bias decreases
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with the sample size, as expected.

Table 7: Coverage of 95% confidence intervals and
bias of parameters

T B> n p  Bx;  bias
50  79.6 97.8 100 89.2 17.9
100 86.2 974 994 91.8 4.6
150 87.4 98.0 99.0 94.0 5.1
Case 1 200 914 97.0 98.8 93.8 21.2
250 93.6 96.6 96.2 93.0 10.9
300 93.0 956 96.6 93.0 1.6
350 93.2 948 96.4 93.6 5.7

50 88.0 98.2 988 95.6 5.8E-04
100 90.6 98.6 994 944 4.0E-04
150 92.6 98.8 99.0 96.2 3.1E-04
Case 2 200 92.2 982 974 95.8 2.6E-04
250 928 99.2 96.6 96.6 2.5E-04
300 95.8 99.2 96.8 96.6 2.2E-04
350 96.0 98.6 974 95.6 2.1E-04

The column labeled bias indicates the mean abso-
lute bias to estimate Sz for case 2, but for case 1
it is the same but in percentage with respect to the
true value. The coverage is also expressed in per-
centage. T is the sample size, and the number of
replications for each value of T was 500.
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Table 8: Coverage and bias of volatilities: var(e;|y;.;) = (B?k;) ™

t—1T/2 f—T
T cos%  Coo%  Cso% bias  Cosy  Coo%  Csow  bias
50 96.8 94.2 846 63 942 904 796 63
100 94.8 90.4 796 51 940 89.0 786 59
150 94.2 88.2 81.2 44 944 884 758 57
Case 1 200 93.4 89.0 78.8 47 948 89.2 80.8 52
250 91.6 87.4 76.4 44 946 90.2 794 54
300 91.8 87.2 77.8 45 91.2 84.8 76.0 50
350 92.2 86.6 74.8 47 932 88.8 79.8 45

50 99.6 98.4 954 161 96.8 956 90.2 103
100 97.8 94.0 88.6 69 974 944 876 41
150 94.4 91.2 814 67 96.0 914 834 39
Case 2 200 93.8 89.6 822 50 91.8 86.8 79.0 41
250 922 88.0 72 43 93.0 876 784 37
300 90.2 85.0 76.4 41 950 90.2 776 37
350 92.2 84.0 73.0 44 932 874 796 32

c.% indicates the coverage of a x% confidence interval for the volatility
var(eiys) = (B?k;)™' at t = T/2 and at t = T. bias represents the
median absolute bias as a percentage of the true value. The number of
replications for each value of T" was 500.
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